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a b s t r a c t
We develop a robust computational framework to infer the motion of a flexible cylinder
undergoing vortex induced vibration. Given scattered data in space–time on displacement and hydrodynamic forces, we use physics-informed neural networks (PINNs)
(Raissi et al., 2019) to infer the entire motion and characterize the induced vibration
by accurately estimating the structural parameters. The developed framework has the
flexibility to simultaneously analyze the data over different space–time sub-domains and
hence to yield more accurate estimations. We examine the efficiency of the formulation
by estimating the damping coefficient of the flexible cylinder, where the training data
is obtained by forward simulation of the coupled fluid–solid equations.
© 2021 Published by Elsevier Ltd.

1. Introduction
The prediction of the vortex-induced vibrations (VIV) of the bluff body is a challenging problem, and it can be found in
a broad range of engineering applications, such as a marine riser in the ocean current. If it is not dealt with appropriately,
VIV may result in severe fatigue damage and hence a substantial economic and environmental loss. Therefore, as one of the
canonical fluid–structure interaction (FSI) problems, VIV has received significant research attention in the last four decades
due to its important scientific and industrial applications. A large number of publications (Bearman, 1984; Williamson,
1996; Williamson and Govardhan, 2004; Sarpkaya, 2004; Gabbai and Benaroya, 2005; Williamson and Govardhan, 2008;
Bearman, 2011) have been devoted to understanding the key concepts and principal mechanisms of the bluff body VIV’s
response and its wake patterns.
For a rigid cylinder oscillating in the cross-flow (CF) or the CF-and-inline (IL)-combined directions, significant variations
of the fluid forces as a function of the oncoming stream velocity have been found due to changes in the vortex shedding
pattern (Fan et al., 2019). In addition, as a strongly coupled fluid–structure phenomenon, such a response and wake
pattern of the rigid cylinder VIVs is highly dependent on the system structural properties (Khalak and Williamson,
1997). For a rigid cylinder of a lower mass ratio (m∗ < 5), typical for ocean engineering applications, its ‘‘lock-in"
range enlarges due to the effect of the added mass, and its displacement displays additional upper response branches
(including initial, upper and lower branches), compared to those with high mass ratios (Stappenbelt et al., 2007). In
addition, experimental (Vandiver, 2012) and simulation (Khan et al., 2018) results demonstrate the amplitude of the rigid
cylinder VIV is considerably affected by the structural damping ratio.
In the offshore engineering, marine risers in the ocean current, due to their long aspect ratio, are modeled as the
slender flexible cylinder in uniform or sheared inflow (Wu et al., 2012). From decades of laboratory experiments and
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field observations, the structural response of such systems is characterized by multiple frequencies (Bourguet et al.,
2013a), traveling-wave-dominated (Vandiver et al., 2009) and high-modal (Vandiver and Marcollo, 2003) vibration, and
is affected by the structural properties, such as the bending stiffness, riser top tension, distributed mass and damping
per unit length. Moreover, risers over time will face various problems, such as bio-fouling (Apolinario and Coutinho,
2009), structural damage, and aging (Phadke, 2014) that inevitably change the structural properties significantly. Such
changes result in long-time structural monitoring a challenging task (Vandiver et al., 1998) and require an accurate online structural property estimation and damage identification. One of the most common practices is the response-based
damage detection that usually tracks the changes in the vibration characteristics of the structure through changes in its
parameters such as stiffness, response frequency, decay rate, and mode shapes (Doebling et al., 1996; Khatir et al., 2018;
Staszewski et al., 2004; Suzuki et al., 2021; Xu et al., 2013).
In this paper, we construct a framework to estimate structural parameters of flexible cylinder undergoing VIVs in
a sense to predict the life span of the structure through the changes in the parameters. We accomplish this by using
physics informed neural networks (PINNs) (Raissi et al., 2019b), which formulates an inverse problem setting of differential
equations, given sufficient data on simulated/measured system response and known physics constraints. Several numerical
methods have been developed in the literature to solve the inverse problem of parameter estimation. While each method
has its own merit, they typically convert the problem of model parameter estimation into an optimization problem,
and then formulate a suitable estimator by minimizing an objective function. To authors’ best knowledge, most of the
existing methods are developed as black boxes that return parameters by only feeding experimental data, and therefore
are ignorant of the underlying physics. The early use of neural networks in damage identification of structures is reviewed
extensively in Doebling et al. (1996), where the networks are primarily used to only form a mapping from some measured
quantity to the changes in the structure parameter(s). The PINN formulation, however, provides the unique flexibility of
infusing the mathematical model into the neural network. More importantly, it incorporates the unknown parameters
of mathematical model into the network parameters and thus obtain an estimation of model parameters while training
the network simultaneously. The deep learning of VIV problem using PINN formulation is first investigated in Raissi et al.
(2019c), where the network learns the velocity and pressure fields of fluid and the structure’s motion using coupled
deep neural networks with scattered data in space–time as input. The authors consider a two-dimensional problem of an
elastically mounted rigid cylinder in the uniform inflow. In the present work, we consider a more involved dynamics of
the structure, modeled by a beam-string equation.
The rest of the paper is organized as follows. In Section 2, we describe the mathematical model of a uniform flexible
cylinder in uniform current undergoing VIVs, discuss the numerical method that we employ to simulate it, and then
explain the PINN formulation. In Section 3, we provide the simulation results that we next use to train the network. We
further provide the results of parameter estimation and then end the paper by a summary and some concluding remarks.
2. Research method and model
2.1. Mathematical model
The motion of flexible cylinder is governed by a linear beam-string equation as follows,
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where η and ξ are the displacements in the CF (y) direction and in the IL direction (x). The parameter µ is the cylinder
mass per unit length, the ζ is the damping ratio, T is the tension and EI is the bending stiffness. We define the damping
coefficient as β = 2ζ ωn µ, where ωn = 2π fn1 and fn1 is the natural frequency of the riser first modal vibration assuming
uniform added mass coefficient Cm = 1.0 along the span. The above equations are constrained by pinned boundary
( )2 (
)
∂2η
∂2ξ
4µ + Cm ρπ d2 with
condition (η = ξ = 0 and ∂ z 2 = ∂ z 2 = 0) at both ends. Note that in the simulation, T = UULd
r

Cm = 1.0, where Ur = f U d is the corresponding reduced velocity, while the value of EI is set as small as 0.02T, in order
n1
to mimic a tension dominated riser, see Evangelinos and Karniadakis (1999). Fl and Fd are the y- and x-components of
the hydrodynamic force, i.e. lift and drag, exerted on the cylinder surface. The total force is computed from the integral
of the pressure and viscous stress terms by using the following equation,

∮
F =

) )
(
(
−pn + ν ∇ u + ∇ uT · n ds,

(3)

where the integration is performed around the circumference of the circular cross-section, n is the outward unit normal
on the cylinder, and ν is the kinematic viscosity. Since the cross flow displacement is more dominant in such motion, we
only consider equation (1) in the case of inverse problem of parameter estimation. However, similar analysis can be done
for the in-line motion too.
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Fig. 1. Schematic of VIV of flexible structure, shown as the red bar, in the fluid flow with Cartesian’s velocity components u ̸ = 0, v = w = 0. The
cross flow and in-line displacements of the structure are η and ξ , respectively. (For interpretation of the references to color in this figure legend,
the reader is referred to the web version of this article.)
Table 1
Summary of the VIV simulation parameter relations and values.
U =1
fn =
⋆

U
Ur d

m =4

ρ=1

d=1

Ur = 12.66

ωn = 2π fn

ζ = 0.087

µ = m⋆ ρ π4d

L = 240

EI = 0.02T

T = (2fn L) (m + π/4)

2

β = 2ζ ωn µ

2

2.2. Simulation
In this paper, the simulation of a uniform flexible cylinder in the uniform flow, shown in Fig. 1 and governed by (1)–(2),
is performed by employing the entropy viscosity method (EVM) that is originally proposed by Guermond et al. (2011a,b)
and recently developed by Wang et al. (2019, 2018). In particular, the mixed spectral-element/Fourier method, i.e. the
spectral-element discretization on the (x − y) plane and Fourier expansion along the riser axial direction (z) is used to
represent the incompressible Navier–Stokes equations (Karniadakis and Sherwin, 2005). The coordinate transformation
method proposed in Newman and Karniadakis (1997) is employed to deal with the boundary deformation due to the
vibration. On the (x − y) plane, the computational domain has a size of [−6.5 d, 23.5 d]×[−20 d, 20 d], which is partitioned
into 2 616 quadrilateral elements, where d = 1 is the cylinder diameter whose center is placed at (0, 0).
In order to solve the governing equation (1), we have used the 2nd order central-difference scheme in space and the
Runge–Kutta method in time. For all the simulations in this paper, unless mentioned explicitly, a cubic polynomial is
used in each element per direction and 512 Fourier planes are used along the axis (z-direction). For each simulation, the
total computational time tUd∞ ≥ 500 with a time step ∆t = 1.5 × 10−3 . In this paper, the case of a uniform flexible
cylinder with an aspect ratio L/d = 240, mass ratio m∗ = 4.0 (ratio between structural mass and displaced fluid mass)
and damping ratio ζ = 8.7% vibrating in the uniform flow was simulated at Re = 650 and Ur = 12.66. All the parameter
relations and their values are summarized in Table 1.
2.3. Physics-Informed Neural Networks (PINNs)
The PINN formulation has been recently developed in Raissi et al. (2019b). It constructs a physics informed deep
learning algorithm to solve the forward and inverse problems involving partial differential equations by employing a
deep neural network to approximate the unknown function. It has been successfully employed in many physical problems
such as discovering turbulence models from scattered/noisy measurements (Raissi et al., 2019a), high speed flows (Mao
et al., 2020), stochastic differential equation by generative adversarial networks (Yang et al., 2020), fractional differential
equations (Pang et al., 2019), variational formulation of the equations (Kharazmi et al., 2019), and adaptive activation
functions (Jagtap et al., 2019). All of these formulations additionally provide information to the neural network from the
mathematical model that describes the underlying physics. This information is added by defining the network residual
3
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Fig. 2. The schematic of a plain fully connected neural network structure of PINNs. The gray shaded part is the neural network parameterized by Θ ,
where the input layer takes the two coordinates z and t, and the output layer is the ηNN . The red shaded part constructs the VIV equation residual
with model parameters q. The loss function is comprised of both terms coming from the network and the equation residual. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

such that the network output satisfies the corresponding mathematical model. The analysis of PINNs and convergence
study has been carried out in Shin et al. (2020). In a general setting, hp-VPINNs have been introduced in Kharazmi
et al. (2021) to construct a general formulation for solving parametric differential equations by developing a Petrov–
Galerkin method based on nonlinear approximation of neural networks as trial functions and hp-refinement via domain
decomposition and projection onto space of test functions. It has been shown that different choices of test functions lead
to different method, and we can recover PINNs by selecting Dirac delta test functions (Jagtap et al., 2020).
We let ηNN (z , t ; Θ ) be a (deep) neural network with inputs z and t, which is parameterized by Θ as weights and
biases of the network; see Fig. 2 the gray shaded part. We approximate the solution of (1) by the neural network,
i.e. η ≈ ηNN (z , t ; Θ ) and define the residual of equation as
rNN (z , t) =

∂ 2 ηNN
∂ηNN
EI ∂ 4 ηNN
T ∂ 2 ηNN
F
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+
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− .
2
4
2
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We drop the subscript l in the force term F as we only consider equation (1). Fig. 2 shows that the residual (4) augments
the neural network by infusing the mathematical model (1) into the network. This residual is a measure to the extent
to which the approximation ηNN satisfies the equation, and ideally the exact solution is recovered when the residual is
identically zero. We note that the parameters of the governing equation, i.e. q = {µ, ζ , ωn , EI, T} become the parameters of
the resulting physics-informed network rNN . The derivatives of network with respect to the input coordinates z, t, network
parameters Θ , and model parameters q are taken by applying the chain rule for differentiating compositions of functions
using the automatic differentiation (Baydin et al., 2017). In particular, we rely on Tensorflow programming (Abadi et al.,
2016), which is a popular and relatively well documented open source software library for automatic differentiation and
deep learning computations.
In the PINN formulation, the residual (4) is projected onto a finite set of residual points, making the equation to be
Nη
N
satisfied at these points. Therefore, we define two finite sets of training points {(zηi , tηi )}i=1 and residual points {(zri , tri )}i=r 1
lying inside the computational domains. Subsequently, we define the loss function of PINN as
L(Θ , q) = MSEη + MSEr
Nη

=

(5)

Nr
∑
⏐
⏐
⏐
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η η
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where MSE stands for mean squared error. We see that the loss function of PINN contains two terms: The MSEη that is the
mismatch between solution and the given data at the training points. The MSEr that penalizes (4) at the residual points.
A schematic of these training and penalizing points are shown in Fig. 3. We note that in practice these points are not
coming from equal sets. The training points are usually from experimental measurements/observations that are generally
available sparsely over the domain, while the residual points are freely available all over the computational domain. We
see however that the VIV equation (1) is excited by the hydrodynamic forces Fl . This imposes a restriction on choosing
the residual points since the hydrodynamic forces may not be available at all points inside the computational domain. We
relax this restriction by assuming that the simulation data provides the access to the entire field of hydrodynamic forces.
4

E. Kharazmi, D. Fan, Z. Wang et al.

Journal of Fluids and Structures 107 (2021) 103367

Fig. 3. A schematic of training points (squares) and residual points (crosses), randomly selected over the entire computational domain. The sets of
training and residual points can have different density and are not necessarily similar sets.

Fig. 4. IL (red) and CF (blue) amplitudes, and phase angle θ (black) of the uniform cylinder in the uniform current at Re = 650 and Ur = 12.66.
(For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

In the Results section, we show the results of PINN framework by considering different cases in choosing the training and
residual points.
3. Results
In this section, we first briefly report the simulation results of the uniform cylinder VIV in the uniform flow at Re = 650
and Ur = 12.66. The detailed structural and wake response of the model can be found in Appendix. The 1/10th highest
peak of the IL and CF amplitude response as well as the phase difference θ between the IL and CF trajectories along the
model span are plotted together in Fig. 4. From the plot, we observe that the flexible model vibrates at the fourth mode
in the IL direction and at the second mode in the CF direction. Despite the IL amplitude be rather symmetric, the model
vibrates at a higher amplitude in one of the anti-nodes than the other in the CF direction. In addition, based on the θ
distribution, the model responds with a mixture of standing and traveling wave pattern (Bourguet et al., 2013b).
Next, we discuss the results of the parameter estimation of VIV using the PINN formulation. Here, we only focus on
the CF motion governed by (1) and obtain an estimation of the damping coefficient.
We construct a fully connected network with 4 hidden layers and 20 neurons in each hidden layer. We use the
sine activation function and employ L-BFGS-B algorithm (Zhu et al., 1997; Byrd et al., 1995) to train PINN. The choice
of optimization parameters and network hyper-parameters, including network structure, length, depth, and activation
functions play an important role in the efficiency and accuracy of PINN formulation. In particular in the case of VIV
problems, we observe that the considered network structure can provide an accurate estimation of unknown parameters.
We note that the tuning of network hyper-parameters is an interesting research topic by itself, which falls beyond the
scope of this paper, and we intent to pursue it in our future investigations.
We assume that all the model parameters q = {µ, ζ , ωn , EI, T} are fixed known constants except the damping ratio
ζ that leads to the unknown damping coefficient β = 2ζ ωn µ in the equation. In order to choose the training/residual
points, we consider the following two cases.
• Single/Multiple time window estimation: The numerical solution of VIV, discussed in the first part of the results
section, provides access to the whole space–time field of displacement and lift force for the training purpose of the
5
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Fig. 5. Multiple time window training and residual points. The vertical dashed lines show the time windows divisions. The black crosses and orange
squares are the corresponding points in each time window. (A) Training points: the background is the displacement field. Each time window contains
Nη = 150 training points. (B) Residual points: the background is the lift force field. Each time window contains Nr = 5000 residual points.

Fig. 6. Estimation of damping coefficient. The red line is the exact value and the blue line is the mean value of PINN estimation over 6 different
network initialization. The shaded area shows the standard deviation. (A) Single time window estimation: the convergence of estimated damping
coefficient versus training iterations. (B) Double time window estimation: a more robust estimation is obtained by averaging over multiple time
windows. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 7. Bi-Parameters estimation of damping coefficient (A) and tension (B). The red lines are the exact value and the blue lines are the mean value
of PINN estimation over 6 different network initialization. The shaded area shows the standard deviation. The estimations are based on the single
time window. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

network. Here, we selectively pick different time windows, from which we choose the training/residuals point. In
particular, we divide the temporal direction into two equal time windows; see the vertical dashed lines in Fig. 5. The
training and residual points are then randomly selected within each time window, where the set of residual points is
usually denser. Fig. 5 shows a double time window division and the training points in panel (A) with the displacement
field in the background, and the residual points in panel (B) with the force field in the background. The corresponding
points in the first time window are shown by black crosses whereas in the second time window by orange squares.
6
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Fig. 8. Limited training and residual points available as time series only at 6 sensors equispaced along the z direction. (A) Total Nη = 9144 training
points. The background is the displacement field. (B) Total Nr = 9144 residual points. The background is the lift force field. (C) Convergence of
estimated damping coefficient. The red line is the exact value and the blue line is the mean value of PINN estimation over 6 different network
initialization. The shaded area shows the standard deviation. (For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

We first train the PINN only based on the first time window. In this case, we have Nη = 150 and Nr = 5000. The
L-BFGS-B optimization is carried out with full batch size of training and 10% mini batch size of residual points. We see
in Fig. 6(A) that the mean value of damping coefficient (blue line) converges to the exact value (red line) with an error
of 5.5 × 10−2 . We report the results by averaging over several different initialization of network parameters Θ . We note
that in all cases the damping coefficient β is initialized to 1. Fig. 6(B) shows the convergence of mean value of damping
coefficient, in which the estimation is averaged over the both time windows. We clearly observe that the addition of the
second time window results in a more accurate estimation with a smaller error of 2.1 × 10−2 .
We extend the results to a bi-parameter estimation, where we assume that both damping coefficient and tension are
unknown. In this scenario, we provide extra information to the network by increasing the number of training points
to Nη = 500. This expedites the convergence of estimation and also reduces the standard deviation of the estimated
value (compare the gray shaded area in Fig. 6(A) and Fig. 7(A)). We note that we can achieve the estimation with similar
accuracy by using fewer number of points, yet with more number of optimization iterations. Fig. 7 shows the convergence
of mean value of two parameters over several network initialization, where the training/residual points are from first time
window. Note that we need to normalize the unknown parameters such that their order of magnitude are relatively close.
Thus, we scale the value of tension T by a factor of 10 000 to match the order of magnitude of ζ .
In addition to a more robust and accurate estimation of multiple time window training/estimation, another major
advantage is the flexibility to carry out the optimization in each time window in parallel on a separate computer
node. This can reduce substantially the computational cost of the estimation in practice since the real measurement of
displacement/force are long time series that can be divided into several time windows.
• Limited data estimation: a more realistic estimation. The access to the whole displacement/force fields is ideal and
not practical in the real-world engineering problem. The measured/observed data is usually collected via limited number
of sensors instrumented on the structure and therefore, one does not have access to all quantities at any arbitrary point.
Here, we assume that the flexible structure is instrumented by 6 equispaced sensors that records the time history of both
the displacement and force. We locate these sensors such that we avoid the nodes of CF and IL motions. Fig. 8(A) and (B)
show the training and residual points, respectively. We use total number of Nη = Nr = 9144 points, and the L-BFGS-B
optimizer uses the full batch size on both sets. We see in Fig. 8(C) that damping coefficient (blue line) converges to the
exact value (red line) as PINN learns its parameters. We note that however the spatial sparsity of data adversely affects
7
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Fig. 9. PINN estimation based on limited and noisy data. The training and residual points are available only at 3 sensors instrumented along the
z direction and we add 20% noise to the lift force. (A) Training points and the background is the displacement field. (B) Residual points and the
background is the lift force field. (C) Convergence of estimated damping coefficient. The red line is the exact value and the blue line is the mean
value of PINN estimation over 30 different network initialization. The shaded area shows the standard deviation. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

the estimation error compared to the previous case. The standard deviation of the final estimation is however smaller
compared to the previous case, which is mainly because we use a full batch size for both training and residual points in
the L-BFGS-B algorithm in this case.
We also consider another case with limited noisy data, where we only have access to three sensors along the riser
over a shorter time window; see Fig. 9. We use total number of Nη = Nr = 300 points and assume that the sensors are
not necessarily uniformly instrumented. We also account for noisy data by adding a 20% noise to the lift force. The added
noise has a zero mean and is scaled by the standard deviation of the lift force. As we expect, the estimation is not as
accurate as previous cases since data is more sparse and noisy. However, we see that even in this case, the mean value
of PINN estimation is still within a reasonable range.
4. Summary and concluding remarks
We have developed a robust mathematical framework by using PINNs to infer the dynamics of flexible cylinder undergoing vortex induced vibration. The cylinder is modeled by a linear beam-string equation coupled with hydrodynamic
forces from fluid flow that leads to a non-linear, highly fluid–structure coupled, and multi-degree-of-freedom problem.
The inference of the whole field of motion and more importantly estimation of the structural parameters by using PINN
formulation is carried out for the first time in this work. The input of the neural network is the scattered data on
displacement and hydrodynamic forces. We took these data from a forward simulation of the full dynamics and showed
the robustness of the developed framework by adopting different strategies in selecting the training time-windows. The
more realistic cases, where the data is coming from field measurements/experimental observations can be used in the
future for real riser structural monitoring.
The developed framework makes feasible the online monitoring and tracking the changes in the structural parameters
and thus, constructing a structural health monitoring framework. It has the flexibility of being processed in parallel by
independently analyzing several data sets over different spatial–temporal sub-domains on computer nodes. We note that
this framework opens up the possibility to characterize the vibration in a variety of complex dynamics of beam-stringlike structures in flutter oscillations and nonlinear/parametric resonances (Zamani et al., 2015; Afzali et al., 2020, 2016;
Shoshani et al., 2020).
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Fig. 10. Structural response along the cylinder span at Ur = 12.66, Re = 650: (A) CF frequency; (B) IL frequency; (C) IL (red) and CF (blue) amplitudes,
and phase angle θ (black); (D) hydrodynamic coefficient in the CF direction Clv (blue) and Cmy (red); (E) hydrodynamic coefficient in the IL direction
Cdv (blue) and Cmx (red). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Moreover, the obtained results are dependent on the choice of neural network structure and hyperparameters. Even
different optimization algorithm of the PINN loss function may lead to various efficiencies. In real engineering problems,
the data acquisition inherently contains several sources of noises that requires developing more robust-to-noise training
algorithms of networks.
9
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Fig. 11. Snapshot of the vortices behind uniform flexible cylinder in the uniform current at Re = 650 and Ur = 12.66. Here vortices are represented
by isosurfaces of Q = 1 and colored by the ωz . (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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Appendix. Structural and wake response of the uniform flexible cylinder in the uniform current
The simulation results of frequency (f ), amplitude (1/10th highest peak) response (A), the phase between the IL and
the CF trajectory (θ ) and the hydrodynamic coefficients along the cylinder span are plotted in Fig. 10 for Ur = 12.66
(Re = 650). As shown in Fig. 10, for the uniform cylinder in the uniform current, the response frequency is a single
narrow-band in the CF direction (subfigure (A)), while in the IL direction (subfigure (B)), although there are additional
frequency components, the exact 2nd harmonic vibration dominates the response. The amplitude response and phase
response in Fig. 10 (subfigure (C)) exhibit that at Ur = 12.66, the flexible cylinder vibrates at 4th mode in the IL direction
and 2nd mode in the CF direction. Moreover, the phase response along the span shows a mixture of standing and traveling
wave pattern, the magnitude of θ varies continuously in the half wavelength of the IL mode and jump π degree at the IL
nodes. In the contrary, note that such observation of θ is similar to the analysis in Bourguet et al. (2013b).
Based on displacement and fluid force along the span, the fluid coefficient in phase with velocity Cv (Clv in the CF
direction and Cdv in the IL direction) and the added mass coefficient Cm (Cmy in the CF direction and Cmx in the IL direction),
can be obtained using following equations,
2
Tv

Cv = √

∫
Tv
2
Tv

(C̃ (t)ξ̃˙ (t))dt

∫
Tv

(ξ̃˙2 (t))dt

, Cm = −

2
2U∞

π D2

∫
T

· ∫v

(C̃ (t)ξ̃¨ (t))dt

Tv

(ξ̃¨2 (t))dt

,

(6)

where ξ̃ is the oscillatory IL or the CF non-dimensional displacement response (ξ̃ = ξ − ξ ), and ξ̃˙ and ξ̃¨ are the first and
second derivatives of ξ with respect to time, namely the IL or the CF non-dimensional velocity and acceleration. C̃ is the
sectional fluctuating drag or lift coefficients (C̃ = C − C ) along the model span. Tv is the period of the cylinder vibration.
In general, we observe that the positive Clv is mainly associated with a counter-clockwise (CCW) trajectory, which was
first established in the rigid cylinder experiment by Dahl et al. (2006) and flexible cylinder simulations by Bourguet et al.
(2011). Note that the CCW trajectory could be identified by θ ∈ [0, π], while clockwise (CW) trajectory corresponds
to θ ∈ [π , 2π]. In addition, Cmy is found to vary considerably along the model span from −1 to 2. Compared to the
hydrodynamic coefficients in the CF direction, both Cdv and Cmx have less variation along the span, shown in Fig. 10
(subfigure (E)).
Apart from the model structural response, we here plot in Fig. 11 the snapshot of the wake response behind the
oscillating model presented by isosurfaces of Q = 1 and colored by the ωz . It can be seen that alternating vortex tubes (in
blue and yellow) shed from the cylinder into the wake. In addition, we can observe along the span the vortex tubes can
be divided into four sections, two sections with strong secondary vortices (Williamson and Roshko, 1988) and the other
two with ‘clean’ vortex tubes, corresponding to the number of the IL mode.
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