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Flow-induced vibrations (FIV) of the cylinder with an upstream wake interference is rather different and more
complex comparing with vortex-induced vibrations (VIV) of an isolated cylinder in the uniform flow, due to the
wake interference mechanism involved. In this study, the forced vibration experiment is carried out on a rigid
cylinder placed in tandem downstream of a stationary cylinder. The hydrodynamic coefficients of the forced
vibrating cylinder, involving the steady drag coefficient Cd , the excitation coefficient Clv and the added mass
coefficient Cmy , are obtained for the gap ratio G=d ¼ 2–8 (where G is the streamwise distance between the centers
of two cylinders and d is the cylinder diameter). Compared with an isolated cylinder, the mean drag coefficient is
dramatically reduced, and a much broader positive Clv that extends to higher amplitude and lower reduced
frequency is observed, the negative added mass coefficient presents for lower reduced frequency, for the cylinder
with an upstream wake interference. A significant change in the distribution of hydrodynamic coefficients is
found during the flow interference mode converting from the proximity interference into the full wake inter
ference. By means of discrete vortex method (DVM) simulations, the free dynamic response of an elastically
mounted cylinder placed in the wake of a stationary cylinder is numerically simulated. Comparison between the
free and forced vibration of the downstream cylinder shows a good agreement between the superposed freevibration response plot and the contour line of zero Clv . This result confirms the correlation between free and
forced vibration for the cylinder FIV response with an upstream wake interference, and further suggests that the
forced vibration can be one approach to predicting the dynamic response and mapping the hydrodynamic
properties of the FIV of multiple interfering cylinders.

1. Introduction
Vortex-induced vibration (VIV) is a self-induced and self-limited
oscillation of bluff bodies placed in flow. VIV can be a serious concern
for operations and for the integrity and stability of structures and is of
great importance to many fields of engineering. Therefore, a great
number of studies have been made to understand the characteristics and
mechanisms of circular cylinders free to vibrate in the cross-flow (CF)
and/or the in-line (IL) directions to the oncoming flow over the few five
decades. Many of them have been reviewed in the comprehensive lit
eratures of Bearman (1984), Sarpkaya (2004), Williamson and
Govardhan (2004), and Triantafyllou et al. (2016).
The simplest form of the problem is an elastically mounted circular

cylinder vibrating in the CF direction to the oncoming flow only. Feng
(1968) experimentally measured the response for a cylinder with very
high mass ratio (the ratio between the structural mass and the displaced
fluid mass), from which two amplitude branches, namely the ‘initial’
and the ‘lower’ branch, were found over the reduced velocity. Khalak
and Williamson (1996) found the third amplitude branch of the cylinder
between the other two branches, namely the ‘upper’ branch, when the
cylinder was of very low mass-damping ratio. Apart from the dynamic
response of cylinder, Govardhan and Williamson (2000) firstly
measured the vorticity field for free VIV responses and confirmed that
the initial branch corresponded to a ‘2S’ vortex mode and the upper and
lower branches corresponded to a ‘2P’ vortex mode.
Aside from the studies with free vibration of an elastically mounted
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structure, one approach to an understanding and possible prediction of
VIV of an isolated cylinder has been to undertake forced vibrations of a
cylinder. In order to quantify the hydrodynamic forces on the cylinders
undergoing VIV, the experiment of a rigid cylinder forced vibration in
the CF direction only at prescribed frequencies and amplitudes has been
conducted by Sarpkaya (1977, 1978) and Gopalkrishnan (1992). Later,
Hover et al. (1998) compared those hydrodynamic coefficients from
forced vibrations with the free VIV response data and found a good
agreement between the superposed free VIV response plot for zero
damping and the contour of zero excitation coefficient from forced vi
brations, as shown in Fig. 1. In addition to the hydrodynamic forces of
the cylinder, the correspondence of vortex wake mode between forced
and free vibration was also found. Williamson and Roshko (1988)
studied the vortex wake pattern for a cylinder controlled to translate in a
sinusoidal trajectory, over a wide variation of amplitudes and wave
lengths. They defined a whole set of different regimes for vortex wake
modes and categorized them into three principle modes. With the
renormalization, a good correspondence between the vortex shedding
modes of free vibrations with the vortex mode regimes deduced from
forced vibrations was observed. Carberry et al. (2001) made an exten
sive flow visualization from forced vibrations of cylinder and showed
that the force phase shift was related to the change in the mode of vortex
formation, yielding a direct agreement with the observations from free
vibration in Govardhan and Williamson (2000). These studies accessed
the correlation between forced and free vibration of VIV for an isolated
rigid cylinder.
However, there are more configurations involving multiple cylinders
in tandem, side-by-side or staggered arrangement encountered in the

engineering fields, such as arrays of riser tubes used in offshore drilling
and production platforms, heat exchanger tubes, closely spaced chimney
stacks and overhead conductor cables. When one cylinder is placed in
the wake of one or several cylinders, the hydrodynamic interference
among the cylinder will result in different structural dynamic responses
and fluid morphologies compared to those of an isolated cylinder. As the
simplest and representative multiple-cylindrical configuration, the two
cylinders in tandem arrangement have become the canonical model in
the investigation of fundamental physics involved in the flow past
multiple-cylindrical structures.
For the flow past two stationary cylinders, Zdravkovich (1987, 1988)
summarized the flow pattern as the trailing cylinder is arranged cir
cumferentially around a leading cylinder and plotted a map categorizing
the flow pattern into four interference regimes. The proximity interfer
ence occurs for the side-by-side arrangement. This regime is character
ized by the interactions of the shear layers of vorticity with opposite
direction. The proximity-wake interference occurs for the cylinders ar
ranged in tandem with a small distance. This regime is characterized by
the reattachment of the shear layers of vorticity with the same direction.
The full-wake interference occurs for the tandem separation of the cyl
inders beyond a critical distance. In this regime, the shear layers of the
upstream cylinder fully roll up, generating an alternate vortex shedding
in the gap. The upstream wake vortices impinge on the downstream
cylinder and interact with the downstream vortex shedding. And no
interference for the two cylinders staggered with the separation beyond a
critical value. The flow responses of two cylinders are similar to those of
an isolated cylinder in the uniform inflow in this regime. In addition to
the categorization by Zdravkovich, the alternative classifications of the

Fig. 1. Contours of excitation coefficient from Hover et al. (1998), compare well with free-vibration response amplitudes, evaluated from the force-feedback virtual
cable testing apparatus.
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flow pattern around two stationary cylinders can be found in Sumner
et al. (2000), Hu and Zhou (2008), and Zhou and Alam (2016). These
studies showed that the flow pattern of multiple cylinders become more
complicated due to the existence of flow interference.
Flow past the stationary cylinders forms complicated gap flow
structures and wake vortex patterns due to wake-to-wake interference.
However, if the cylinder placed in the wake of the upstream cylinder is
allowed to oscillate in the CF direction, the interference of wake-tostructure will occur and result in the cylinder responding in a way
that is significantly different from the typical VIV of the isolated cylin
der. Such a phenomenon is named as the wake-induced vibration (WIV),
a FIV response that is characterized by a build-up of the oscillation
amplitude persisting to high reduced velocities. Bokaian and Geoola
(1984) investigated the effects of the structural mass ratio and the tan
dem separation between the cylinders on the response of the down
stream cylinder. They observed that the VIV and WIV response of the
downstream cylinder can be induced in different specific range of
reduced velocities. These two types of response can occur separately or
overlap, depending on the mass ratio and separation distance between
two cylinders. Brika and Laneville (1999) investigated the effect of
tandem spacing on the WIV of the downstream cylinder. They found that
the downstream oscillation amplitude and synchronization region is
reduced with the increase of tandem spacing until the response re
sembles that of a single cylinder. The phenomenon that the wake
interference effect on the downstream response persists to the tandem
separation up to 25 diameters was observed. Assi et al. (2010) revealed
that the WIV response frequency is not locked to a specific value close to
the structural natural frequency as the case of VIV of a single cylinder
but follows a slightly upward line. Such a characteristic frequency
response persists to the tandem spacing reaching 20 diameters, even
though the downstream oscillation amplitude resembling that of the
typical VIV response in such a separation. In addition, the lift force on
the downstream cylinder is dominated by two frequency branches: a
lower frequency corresponding to the oscillation frequency and a higher
frequency associated with the upstream vortex-shedding frequency.
With the understanding of the WIV mechanism, Zdravkovich (1977)
pointed out that the upstream wake would induce a lift force that is
acting to return the downstream cylinder to the wake centerline, namely
the wake-displacement mechanism. Due to the downstream response
resembling classical galloping response of the non-circular bluff bodies,
Bokaian and Geoola (1984) referred to this response as wake-induced
galloping. Typical galloping of non-circular bluff bodies described by
Den Hartog (1956) is related to a fluid-dynamic instability. However, a
hydrodynamic restoring force acting on the downstream cylinder in
dicates a dynamic equilibrium of the cylinder rather than the phenom
enon of instability, and therefore, the classical galloping theory of
non-circular bluff bodies is not suitable for the WIV mechanism.
Hover and Triantafyllou (2001) observed one single branch of the
downstream response that builds up monotonically reaching amplitude
of 1.9 diameters for reduced velocity around 17. They explained such a
high amplitude branch as an ‘upward extension of the frequency lock-in
branch’ that occurs for the VIV response of a single cylinder. However,
there was no evidence that the vortex shedding frequency of either
cylinder is synchronized with the frequency of oscillation. In another
word, the typical VIV resonance cannot be simply extended to the
explanation of the WIV response. Assi et al. (2010) investigated the
downstream response with the unsteady vortices removed from the
wake of the upstream body and found that the WIV response would not
be induced in such a situation. They concluded that this ‘galloping-like’
response of the downstream cylinder was essentially a result of
vortex-induced mechanism, a mechanism of unsteady vortex-structure
interactions between the upstream wake vortices and the downstream
body. In their subsequent study (Assi et al., 2013), they introduced a
concept of ‘wake stiffness’ that was evaluated a quasi-static lift map of
two stationary cylinders. The wake-stiffness concept predicted the fre
quency response of WIV rather well. However, the wake-stiffness cannot

explain the excitation mechanism of WIV and failed to quantify the
hydrodynamic properties of WIV. Song et al. (2020) proposed an
empirical predication model of WIV frequency based on a fitted Strouhal
frequency formula. This model just considered two variables: the
reduced velocity and the gap spacing ratio but with some other essential
parameters as Reynolds number and structural mass ratio etc. ignored.
Up to now, there is no such a model that can predict both the
amplitude and frequency response as well as the hydrodynamic prop
erties of WIV. Inspired by the fact that the VIV response and hydrody
namic forces of an isolated cylinder can be quantified by the forced
vibration, one may raise a question whether forced vibration could be
used for predicting the FIV response and mapping the hydrodynamic
properties of a cylinder with an upstream wake interference. To authors’
best knowledge, no forced vibration experiments have been conducted
on such a problem. Therefore, we carried out such forced vibration
experiment and the free vibration numerical simulation on the cylinder
with an upstream wake interference in this study, with an intention to
answer the questions: (a) whether the result of fluid forces acquired from the
forced vibration experiment with the multiple cylinders could be used to
predict the free-vibration response of the multiple cylinders; (b) if there is
correlation between free and forced vibration, what the hydrodynamic
properties of the downstream cylinder would be. In this study, by mean of
the forced vibration experiment, we obtained the hydrodynamic co
efficients involving the drag coefficient Cd , excitation coefficient Clv and
added mass coefficient Cmy of the vibrating downstream cylinder with
different tandem spacing ratios to the upstream stationary cylinder
ranging from 2 to 8, and we numerically simulated the free WIV
response of an elastically mounted cylinder placed in the wake of a
stationary cylinder by means of DVM simulations. At last, comparisons
between forced and free vibration results were carried out.
This paper is organized as follows. In section 2, we present the model
and method of the experiment of forced vibrations and the numerical
method of FIV simulations. In section 3, the hydrodynamic coefficients
of the downstream cylinder are presented for the forced vibration. In
section 4, the dynamic response of the downstream cylinder is presented
for the free FIV response. In section 5, we make a comparison between
the contours of excitation from forced vibration with free-vibration
response amplitudes and frequencies, addressing the correlation be
tween the free and forced vibrations of the cylinder with an upstream
wake interference. We summarize main findings and conclusions in
section 6. In the Appendix, we present the validation of the current
experimental and numerical result with a comparison to the previous
studies.
2. Experimental and numerical method
2.1. Experimental method and model
The rigid cylinder forced vibration experiments are performed at
MIT Sea Grant Intelligent Towing Tank (ITT) Lab. ITT has a towing
length of 10m and a 1 m � 1 m test cross-section. The main carriage is
installed on two rails aligned with the tank length and is able to reach a
constant velocity from 0.01 m/s to 1.50 m/s. On the carriage, a three
degree of freedom stage is installed, allowing combined trajectories of
in-line (align with the towing direction), cross-flow (perpendicular to
the towing direction) and rotation motions. The software of the exper
imental facility is developed with integrated capability of the motion
update and trajectory monitoring (Power PMAC system), force mea
surement (NI DAQ-USB6218 with an ATI-Gamma 6-axis force sensor).
In the current experimental setup, the two rigid cylinder models are
mounted on the carriage, piercing through the water. The upstream
cylinder is fixed at the non-moving part of the carriage as a stationary
rigid cylinder and the downstream cylinder is mounted at the linear
stage allowing CF motion with prescribed amplitudes and frequencies.
The diameter of the two cylinders is d ¼ 3.81 cm (1.500 ) and in-water
length is l ¼ 45.72 cm (1800 ) for downstream cylinder and lu ¼ 50.8
3
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cm (2000 ) for upstream cylinder. The two rigid cylinder models are made
from hard anodized aluminum tube in order to prevent corrosion, as the
cylinders stay in the water for a long time during the experiment process.
And the ATI-Gamma force sensor is mounted on top of the downstream
cylinder out of the water, allowing ITT to measure the forces applied on
the cylinder during the experiment at 1000Hz, and at the same time, ITT
recorded the cylinder prescribed motion simultaneously in order to
calculate the hydrodynamic coefficients. A sketch of the experimental
setup is shown in Fig. 2.
In the CF-only vibration experiment, the cylinder is towed at a fixed
velocity U ¼ 0.2 m/s, thus achieving  Re ¼ Ud=v ¼ 7; 620, where v is
the fluid kinematic viscosity. The cylinder’s prescribed motion is
therefore as follows,
YðtÞ ¼ Y0 cosð2πfs tÞ;

reduced frequency, the inverse of the true reduced velocity, fr ¼ fs d=U
from 0.06 to 0.34 and the gap ratio G=d from 2.0 to 8.0 as follows,
�
�
Ay
G
Cd ; Clv ; Cmy ¼ C0
:
(2.3)
; fr ;
d
d
Therefore, from experiments we can measure the three hydrody
namic coefficients as follows,
Cd ¼

Clv ¼

(2.1)

;

(2.4)

2L0 sinðφ0 Þ
;
ρldU 2

(2.5)

L0 cosðφ0 Þ
;
2πρ8Y0 fs

(2.6)

Cmy ¼

where Y0 and fs are the cross-flow oscillation amplitude and frequency,
respectively. The lift force LðtÞ and drag force DðtÞ on the cylinder can be
modeled as follows,
LðtÞ ¼ L0 cosð2πfs t þ φ0 Þ; DðtÞ ¼ Dm þ D0 cosð4πfs t þ ϕ0 Þ;

2Dm

ρldU 2

where ρ is the fluid density and 8 is the cylinder displacement volume of
8 ¼ πd2 l=4.
We need to clarify here the difference between the definition of the
reduced velocity Ur and the true reduced velocity Vr as follows,

(2.2)

where Dm is the magnitude of the mean drag force, L0 and D0 are the
magnitudes of the oscillating lift and drag forces at frequencies fs and 2fs
respectively, φ0 is the phase difference measured between the cross-flow
motion and the oscillating lift force and ϕ0 is the phase difference
measured between the cross-flow motion and the oscillating drag force.
The hydrodynamic coefficients of the downstream cylinder, i.e., mean
drag coefficient Cd , lift coefficient in phase with velocity Clv and added
mass coefficient in the cross-flow direction Cmy are functions of nondimensional cross-flow amplitude Ay =d from 0.05 to 1.35, the true

Vr ¼

U
;
fs d

(2.7)

Ur ¼

U
;
f0 d

(2.8)

where fs is the cylinder vibration frequency and f0 is the natural fre
quency of the elastically mounted cylinder in the still water assuming
the added mass coefficient to be 1.0.

Fig. 2. A sketch of the experimental setup: (a) side view; (b) top view; (c) front view. The red arrow in (a) and (b) marks the flow direction, which is opposite to the
towing direction of the models at U ¼ 0.2 m/s in the experiment. (For interpretation of the references to colour in this figure legend, the reader is referred to the Web
version of this article.)
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2.2. Numerical method and model

where m is cylinder mass, q is cylinder displacement, c is structural
damping,k is structural spring stiffness and F is the lift force acting on
the cylinder. Defining the mass ratiom* , damping ratioς and reduced
velocity Ur as

In the numerical simulation of the free FIV response of the down
stream cylinder placed in tandem with a stationary upstream cylinder, a
Lagrangian computational fluid dynamics (CFD) model of discrete vor
tex method (DVM) is adopted to solve the flow field of FIV numerically.
DVM is a meshless CFD method. It discretizes the continuous vorticity
filed of fluid into a number of discrete vortex elements with initial cir
culation. The flow is simulated by tracing the motion of whole vortex
elements in the Lagrangian reference frame. Implementing the boundary
conditions by the stream function, DVM has good boundary adaptability
in computation, especially for the calculation of flow field involving
several bodies or complex two-dimensional shapes. On the other hand,
solving the motion of thousands of vortex elements, this method is
highly-efficient in the computation of flow at a relatively high Reynolds
number. Benefiting from these aspects, DVM is used in the FIV simula
tions in this work.
For the flow of an incompressible and viscous Newtonian fluid, the
equation that governs the fluid flow can be formulated by the continuity
equations and the Navier-Stokes (NS) equations:
rV ¼ 0;

∂V
1
rP þ vr2 V;
þ V⋅rV ¼
∂t
ρ

m* ¼

r2 ϕ;

Dω
¼ vr2 ω þ ðω ⋅ rÞV;
Dt

c
; ς ¼ pffiffiffiffiffiffi;
2 km

f0 ¼

1 pffiffiffiffiffiffiffiffi
U
k=m; Ur ¼
;
2π
f0 D

(2.16)

where D is the diameter of the cylinder, fn is the natural frequency of the
cylinder and U is the incoming stream velocity. Introducing these pa
rameters into Equation (2.15), we obtain the dimensionless motion
equation of the cylinders as,

∂2 Q 4πς ∂Q 4π2
þ
Q
þ
∂t2 Ur ∂t Ur 2

2Cl

π m*

¼ 0;

(2.17)

where Cl is the lift coefficient and Q is now the dimensionless
displacement of the cylinder. Equation (2.17) comprises 2 s-order linear
differential equations.
In the present simulations of FIV of the cylinders, the fluid-structure
interaction is numerically implemented based on a loose coupling
strategy. The governing equations of fluid flow and the dynamics motion
equations of the cylinders are explicitly solved separately. The flow field
is numerically solved based on the two-dimensional discrete vortex
method. The hydrodynamic force obtained from the fluid field compu
tation is passed into the motion calculations of the cylinders as the
external load. The dynamic responses of the cylinders are numerically
calculated based on a Fourth-order Runge-Kutta method. The displace
ment and velocity of the cylinders are passed into the fluid computation
as the updated boundary condition. In Lin et al. (2020), the present FSI
numerical solver has been validated for the FIV simulation of two
interfering cylinders. In this study, the numerical FIV model is identical
to that was used in Lin et al. (2020). Therefore, the computational pa
rameters used in current simulations are also identical to those have
been validated in Lin et al. (2020). The generation rate of the discrete
vortex element is set to 256 per time step where 128 vortex elements are
generated for each cylinder per time step. The number of vortex ele
ments in whole flow field is kept below 50000. The computational
domain extends the distance of 40 cylinder-diameters downstream of
the downstream cylinder. The vortex element beyond this region is
eliminated from the computations. The non-dimensional time step,
nondimensionalized by the cylinder diameter and oncoming flow speed,
is set at 0.1.

(2.9)
(2.10)

where V is the fluid velocity vector; P is the fluid pressure field; ρ is the
fluid density and v is the fluid kinematic viscosity. Taking the curl of
both sides of the continuity equations and the NS equations, and
considering that the fluid vorticity can be expressed by the curl of the
velocityω ¼ r � V, the continuity equations can be rewritten as the
vorticity-stream function form, and the NS equations can be rewritten as
the vorticity transport equations:

ω¼

4m

ρπD2

(2.11)
(2.12)

where ϕ is the stream function. Assuming the flow is two-dimensional,ω
has only one nonzero component and ω⋅rV ¼ 0 can be eliminated from
above equation. With the operator splitting method employed, Equation
(2.12) is divided into two parts: the convection equation (2.13) and the
diffusion equation (2.14),

∂ω
þ ðV ⋅ rÞω ¼ 0;
∂t

(2.13)

3. Hydrodynamic coefficients of the downstream cylinder for
forced vibration

∂ω
¼ vr2 ω:
∂t

(2.14)

In this section, we present the hydrodynamic coefficients of the
downstream cylinder from the forced vibration experiment and char
acterize the hydrodynamic properties for the cylinder with an upstream
wake interference.
In Fig. 3, we give three examples of the time series of the prescribed
cylinder oscillation motion at fr ¼ 0:1 and Ay =d ¼ 0:55 (a) and the
corresponding lift (blue) and drag (red) coefficient with three different
gap ratios G=d ¼ 2 (b), 4 (c) and 8 (d). The result shows that at the same
prescribed motion, due to the interference of an upstream cylinder, the
downstream cylinder experience different force patterns. For example,
we observe that the lift coefficient of G=d ¼ 4 has a larger magnitude
than that of G=d ¼ 2 and G=d ¼ 8. It appears that only one dominant
frequency component exists in the case of G=d ¼ 4, while the G=d ¼ 2
case displays that multiple frequency components coexist in the lift
coefficient time series.
We performed fast Fourier transform (FFT) analysis on the down
stream cylinder lift coefficient at a fixed Ay =d ¼ 0:55 over different gap
ratios from G=d ¼ 2 to 8 for three different reduced frequencies. The
result is plotted in Fig. 4 for fr ¼ 0:08 (a), fr ¼ 0:18 (b) and fr ¼ 0:28 (c).

For DVM, the essential idea is that the continuous fluid vorticity field
is discretized into a series of vortex elements. Equation (2.13) indicates
that the convection of fluid vorticity is according to ðV ⋅rÞω and the
discretization of vorticity field generates the ‘vortex particles’ having a
constant strength. Equation (2.14) formulates the viscous diffusion of
fluid vorticity, it has the same form as the one-dimensional heat con
duction equation. Its fundamental solution is the Green’s function. On
the basis of Brownian motion theory, Chorin (1973) introduced a
random walk method to solve the vorticity diffusion. The principle
involved is to subject all of the free vortex elements to small random
displacements which produces a scatter equivalent to the diffusion of
vorticity in the continuum.
For the elastically mounted rigid cylinder, considering structural
damping and the external force imparted by the fluid flow, the dynamics
of the cylinders are formulated by Equation (2.15):
m

∂2 q
∂q
þ c þ kq ¼ F;
∂t2
∂t

(2.15)
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Fig. 3. Time series of the downstream cylinder motion in the CF direction (a) at fr ¼ 0:1 and Ay =d ¼ 0:55 and hydrodynamic forces (Cd in red and Cl in blue) on the
cylinder with different gap ratios: (b) G=d ¼ 2; (c) G=d ¼ 4; (d) G=d ¼ 8. (For interpretation of the references to colour in this figure legend, the reader is referred to
the Web version of this article.)

In all three cases, we observe that the dominant frequency peak of the
lift forced corresponds to the imposed forced vibration reduced fre
quency, as marked with the blue dashed line. However, coming to the
case of fr ¼ 0:08, one can observe that in addition to the frequency peak
corresponding to forced vibration reduced frequency (the blue dash
line), there is another frequency peak (connected by the black dash line)
increasing with the gap ratio and approaching the reduced frequency of
fr ¼ 0:2 (the red dash line). This distinctive frequency branch is expected
to be associated with the wake interference mechanism. Assi et al.
(2010) observed that the downstream lift force exhibited single fre
quency for the reduced velocity lower than 6 (corresponding to the
reduced frequency larger than 0.167). With the reduced velocity
increasing over 6 (corresponding to the reduced frequency smaller than
0.167), the lift force of downstream cylinder was dominated by two
frequencies: one frequency branch identical to the upstream vortex
shedding frequency and another frequency branch corresponding to the
oscillation frequency of downstream cylinder. Therefore, a second fre
quency peak is identified in the FFT plot for the fr ¼ 0:08. In addition,
such a phenomenon also suggests that at least for the low fr vibration,
not only the hydrodynamic characteristics of the downstream cylinder is
affected by the upstream cylinder, the downstream cylinder in turn af
fects the upstream cylinder hydrodynamics. When the gap ratio is small,
the occurrence of the proximity-wake interference will reduce the up
stream wake frequency, resulting in the second reduced frequency
component lower than 0.2. With the increase of gap ratio, the proximity
wake interference effect decreases, resulting in the upstream wake fre
quency (as well as the second reduced frequency branch) similar to a
single static cylinder wake frequency of fr ¼ 0:2.
Fig. 5 presents the contour plot of the drag coefficient for the forced
vibrating cylinder as a function of fr and Ay =d for various gap ratios. For
the cylinder with an upstream wake interference, the drag coefficient is
smaller compared to that of the isolated cylinder in Fig. 5 (a). The
minimum Cd of the cylinder with an upstream wake interference is
drastically reduced to 0.5 for the gap ratioG=d ¼ 2 at small amplitudes.
When the gap ratio increases, the minimum Cd gradually rises to that of
isolated cylinder as 1.25. The result of the negative Cd of the down
stream cylinder at small gap ratios has also been reported by the

previous studies with two cylinders in tandem arrangement (Bokaian
and Geoola, 1984). Such a phenomenon is related to the pressure
decrease at stagnation point of the downstream cylinder when the two
cylinders are very close to each other. When the gap ratio is small, the
downstream cylinder is inside the free shear layer of the upstream cyl
inder and subjects to the low-pressure region in the wake of the up
stream cylinder, especially for the small amplitude vibration. When the
downstream cylinder vibrates with large amplitude, the downstream
motion would exceed the upstream wake region and be immersed within
the uniform oncoming flow. In the meantime, we find that the Cd dis
tribution over fr and  Ay =d for different gap ratios are similar: Cd in
creases with the increase of fr andAy =d.
The lift coefficient in phase with the velocity Clv is used to quantify
the average fluid-structure energy transfer: the positive  Clv  represents
the average positive energy transfer from the fluid to the structure over
one vibration period, and when the Clv is negative, the surrounding fluid
takes energy out of the structural vibration. Fig. 6 presents the contour
of Clv for the downstream cylinder as a function of fr and Ay =d for various
gap ratios. For the single cylinder, the positive Clv is mainly distributed
in two regions: the primary region is located at fr 2[0.12, 0.18] and
Ay =d 2[0, 0.85], and the second smaller region corresponds to fr 2[0.23,
0.27] and  Ay =d 2[0, 0.25]. Unlike the Cd , when there is an upstream
cylinder, the Clv of the downstream cylinder is found to be significantly
different from that of the isolated cylinder. To begin with, the positive
Clv is found to obtain a much wider region of fr for all gap ratios tested in
the current experiment, compared to the single cylinder case. For the
gap ratio in the range of [2, 5], the main region of positive Clv extends to
the lower fr and higher Ay =d. With the gap ratio increasing from 3 to 8,
the main region of positive Clv shrinks to the lower Ay =d, and gradually
resembles the pattern of the single cylinder. The variation trend of the
distribution of positive Clv is consistent with the variation of the FIV
response amplitude of the elastically mounted cylinder with an up
stream wake interference as the gap ratio increases (Assi et al., 2010).
It also can be noted that there is a substantial change of the distri
bution of positive  Clv for the gap ratio varying from 2.5 to 3. For the gap
ratio below 3, the distribution of positive  Clv can be divided into two
areas: one area located in fr 2[0.15, 0.25] and Ay =d 2[0, 0.8], and the
6
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Fig. 4. PSD result of the downstream cylinder lift coefficient at a fixed Ay =d ¼ 0:55 and three different fr : (a) fr ¼ 0:08; (b) fr ¼ 0:18; (c) fr ¼ 0:28. In each subfigure from top to bottom, we plot the result of G=d ¼ 2, 2:25, 2:75, 3, 3:5, 4, 4:5, 5, 6, 7, 8 and ∞ (single). The blue dash line marks the location of the imposed
forced vibration reduced frequency of fr ¼ 0.08 (a); 0.18 (b) and 0.28 (c); the red dash line marks the reduced frequency fr ¼ 0.20. (For interpretation of the
references to colour in this figure legend, the reader is referred to the Web version of this article.)

second area located in fr 2[0.15, 0.25] and Ay =d >0.6. However, the
positive  Clv is mainly distributed in a whole area for the gap ratio
beyond 3. Such a change of the positive  Clv distribution for the gap ratio
changing from 2.5 to 3 is expected to be associated with the transition of
flow interference from the proximity interference where a reattachment
of the shear layers occurs and the gap flow is characterized by the
presence of unstable shear layers, to the full wake interference where the
shear layers of each cylinders fully roll up and the gap flow is charac
terized by the vortices shed from the upstream cylinder.
In a potential flow, the added mass coefficient of a cylinder takes the
value of 1.0. When VIV happens, the effective added mass coefficient
Cmy of the oscillating cylinder can vary significantly with the amplitude
and frequency of the cylinder from 0.6 to 3, as a result of the

alternation in the relative motion between the shedding vortex and
structural motion. Such a large variation of the effective added mass
results in a large range of the potential true natural frequency, especially
for the low mass ratio systems, which leads to the ‘lock-in’ over a large
range of the reduced velocity. On the basis of the definition given by
Triantafyllou et al. (2016), the crossflow added mass coefficient is
evaluated from the lift coefficient in phase with the cylinder
acceleration.
Fig. 7 presents the contour of the Cmy for the downstream cylinder as
a function of fr and Ay =d for various gap ratios. In the case of the single
cylinder, the Cmy shows a strong dependence on fr and varies observably
with Ay =d when fr is large. At fr ¼ 0.15, the Cmy decreases from a large
positive value to a negative value when fr reduces. In the cases of the
7
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Fig. 5. Contour of drag coefficient Cd for the downstream cylinder as a function of fr and Ay =d at Re ¼ 7; 620 for various gap ratios G=d: (a) ∞; (b) 2; (c) 2.5; (d) 3; (e)
4; (f) 5; (g) 6; (h) 7; (i) 8. The red solid line highlights the contour lineCd ¼ 0. (For interpretation of the references to colour in this figure legend, the reader is referred
to the Web version of this article.)

cylinder with an upstream wake interference, the distribution of Cmy
roughly resembles the pattern of the single cylinder: the negative Cmy is
present for the lower fr , and at a certain fr , the Cmy switches to positive.
However, there is a significant difference of the critical value of fr when
the value of the Cmy changes sign for different gap ratios. For the gap
ratio G=d ¼ 2, the critical line of Cmy is located atfr ¼ 0.1; for the gap
ratios in the range of [3, 5], the critical line is generally located at fr ¼
0.08; with the gap ratio increasing from 5 to 8, the fr corresponding to
the critical line increases from 0.08 to 0.12 towards the value in the
single cylinder case. One may also note that the variation of Cmy is more
complex for the gap ratio G=d ¼ 2 and 2.5, compared with those for the
larger gap ratios. For the small Ay =d in the cases of gap ratio G= d ¼ 2 and
2.5, the critical line depends both on fr and Ay =d, while the critical line
depends highly on fr only for the cases of G=d �3. The difference be
tween the distribution of Cmy for the gap ratio below and above 3 is also
expected to be related to the transition of flow interference from the

proximity interference to the full wake interference.
In addition, for the single cylinder case, Carberry et al. (2005) found
that the variation of the Cmy is directly associated with the variation in
the timing of vortex formation relative to the cylinder motion, as well as
a change in the mode of vortex shedding from a cylinder undergoing
controlled oscillations. It is expected that the variation of the Cmy of the
cylinder with an upstream wake interference may be also accompanied
with a switch in the wake vortices mode, which requires further inves
tigation via flow visualization. Another difference that should be noted
is the minimum value of Cmy . In the case of the single cylinder, the
minimum value of Cmy reaches a value of about 0.5. However, for the
cylinder with an upstream wake interference, the minimum of the Cmy
can be lower than 1.0.
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Fig. 6. Contour of lift coefficient in phase with velocity Clv for the downstream cylinder as a function of fr and Ay =d at Re ¼ 7; 620 for various gap ratiosG= d: (a) ∞;
(b) 2; (c) 2.5; (d) 3; (e) 4; (f) 5; (g) 6; (h) 7; (i) 8. The red solid line highlights the contour line  Clv ¼ 0. (For interpretation of the references to colour in this figure
legend, the reader is referred to the Web version of this article.)

4. Dynamic response of the downstream cylinder for free
vibration

experimental model of Assi et al. (2010). In the simulation, the two
cylinders are of equal diameter and the Reynolds number is fixed at
7500. The mass ratio (with respect to the displaced fluid mass) and the
damping ratio of the downstream system are set equal to 2.6 and 0,
respectively. The reduced velocity of the downstream cylinder is
changed from 3 to 14, respectively. Four representative gap ratios G=d
¼ 2, 4, 5 and 6 are considered in the present simulations.
Figs. 8 and 9 presents the FIV response amplitude and displacement
frequency ratio of the downstream cylinder, respectively. The present
simulation results are also plotted against the results of Assi et al.
(2010). With the interference of the upstream wake, the downstream
FIV response persists to high reduced velocities which are beyond the
resonance range of a typical single-cylinder VIV response. For reduced
velocities below 5, the FIV response amplitude of the downstream cyl
inder builds up with the increase of reduced velocity. The FIV frequency
closely following the line of St ¼ 0.2 indicates that the synchronization

In this section, we discuss the free FIV response of an elastically
mounted cylinder placed within the wake of an upstream stationary
cylinder. Assi et al. (2010) presented the dynamic response amplitude
and frequency of the downstream cylinder positioned at various dis
tances from 4 to 20 diameters from the fixed upstream cylinder. The free
FIV response was measured at various Reynolds numbers ranging from
2500 to 30000 in their experiments. However, the forced vibration
experiment of the cylinder with an upstream wake interference is carried
out at a fixed Reynolds number of 7620. To make a correspondence with
the forced vibration, we numerically simulated the FIV response of a
cylinder placed within the wake of a stationary cylinder at a fixed
Reynolds number according to that in the forced vibration by mean of
DVM simulation. The numerical model is constructed by reference to the
9
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Fig. 7. Contour of added mass coefficient in the CF direction Cmy for the downstream cylinder as a function of fr and Ay =d at Re ¼ 7; 620 for various gap ratios  G= d:
(a) ∞; (b) 2; (c) 2.5; (d) 3; (e) 4; (f) 5; (g) 6; (h) 7; (i) 8. The red solid line highlights the contour lineCmy ¼ 0. (For interpretation of the references to colour in this
figure legend, the reader is referred to the Web version of this article.)

between the cylinder motion and the vortex shedding is responsible for
the downstream response at reduced velocities below 5. Assi et al.
(2010) referred to this region as a VIV resonance response. For reduced
velocities beyond 5, the WIV response that is related to the wake
interference mechanism emerges. The response frequency increases
with the reduced velocity following a slightly declined line, but is not
locked to a value close to the natural frequency as a typical VIV
response. A combined VIV and WIV response is established in this range.
The response amplitude curves also suggest that the amplitude of the
downstream FIV response decreases as the cylinders are positioned
further apart. Due to fluid viscosity, the upstream wake vortices dissi
pate with the flow when being convected downstream, which weakens
the wake interference effect on the downstream cylinder. On the other
hand, a discrepancy can be noted in the amplitude response between the
present simulation and Assi’s experiment. In present simulation, the
reduced velocity is changed by varying the natural frequency and

Reynolds number is kept constant. While in the experiment, reduced
velocity is varied by changing the oncoming flow speed which also leads
to different Reynolds numbers at different reduced velocities. Assi et al.
(2013) concluded that WIV is a Reynolds number-dependent type of FIV
response. The Reynolds number difference between two studies causes
the discrepancy in WIV, as well as the FIV response.
Figs. 10–12 present five consecutive instantaneous flow pattern plots
in one period of the downstream vibration for U=f0 d ¼ 5, for three
representative gap ratios. In sub-figures (f), we plot the time trace of the
downstream cylinder CF motion with the red circles suggesting the time
of five flow pattern plots. In the flow pattern sub-figures simulated by
DVM, the red and blue points represent the positive and negative vortex
elements, respectively. Based on the distribution of vortex elements, the
clockwise and counterclockwise vortices are identified by the gathering
of the vortex elements in blue and red, respectively.
Fig. 10 (a)–(e) showing the instantaneous flow patterns for G=d ¼ 2
10
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Fig. 8. Comparison of FIV response amplitude of the downstream cylinder between present simulation at Re ¼ 7500 and experiments of Assi et al. (2010) at Re ¼
2500–10000 for various gap ratios  G=d: (a) 2; (b) 4; (c) 5; (d) 6.

display a flow pattern as follow: as the downstream cylinder moves
upwards, the ‘blue’ shear layers of the upstream cylinder reattaches on
the downstream body and merge with the ‘blue’ shear layers of the
downstream cylinder, the ‘red’ shear layers of the upstream cylinder
generate a recirculation in the gap. As the downstream cylinder moves
downwards, the reattachment of the ‘red’ shear layers and the ‘blue’
recirculation in the gap arises. Fig. 10 (g) provides the power spectral
density of the lift force acting on two cylinders. The lift force of two
cylinders has the same dominant frequency. Such a result is due to the
occurrence of the reattachment of shear layers and combined wake
vortex shedding of two cylinders. These results confirm the occurrence
of proximity-wake interference for G=d ¼ 2.
Moving to the instantaneous flow patterns shown in Fig. 11 (a)–(e)
for G=d ¼ 3, a different flow pattern exhibits compared to the mode for
G=d ¼ 2, as follow: as the downstream reaches the maximum displace
ment at the downward side, the upstream ‘blue’ shear layers roll up and
separate from the upstream cylinder forming a vortex in the wake (a);
When the downstream cylinder moves upwards, the ‘blue’ vortex in the
upstream wake merges with the shear layers of downstream cylinder (b);
as the downstream cylinder reaches the maximum position at the up
ward side, a ‘red’ vortex sheds from the upstream cylinder (c); then this
‘red’ vortex splits into two sub-vortex due to the downward movement

of the downstream cylinder (d). These plots suggest that the gap flow is
characterized by an upstream vortex shedding for the case of G=d ¼ 3. In
addition, one may also note that the upstream vortex exhibits different
behaviors in the processes of the downstream cylinder moving upward
and downward. This phenomenon can be explained by Fig. 11 (g) where
the power spectral density of the lift force acting on two cylinders is
shown. The lift force frequency of the stationary upstream cylinder is
close to the value of Strouhal number at subcritical Reynolds number.
The lift force of the downstream cylinder has two frequency peaks: a
frequency equal to the frequency of the upstream lift force and another
frequency that is related to the oscillation frequency (also the vortex
shedding frequency) of the downstream cylinder. The difference be
tween the frequencies of the upstream wake and downstream motion
results in a varying phase lag between the upstream vortex shedding and
the downstream motion, as well as the unsteady vortex-structure
interaction pattern. The different frequencies between the lift force of
two cylinders and separate vortex shedding indicate the occurrence of
full wake interference. The similar phenomenon is also found for the gap
ratio G=d ¼ 4. Recalling the change in hydrodynamic coefficients for the
forced vibration during the gap ratio increasing from 2.5 to 3, it is ex
pected that the transition in the flow interference regime results in the
change in hydrodynamic coefficients.
11

K. Lin et al.

Ocean Engineering 209 (2020) 107520

Fig. 9. Comparison of FIV response frequency of the downstream cylinder between present simulations at Re ¼ 7500 for G=d ¼ 2, 4, 5, 6 and experiments of Assi
et al. (2010) at Re ¼ 2500–10000 for G=d ¼ 4, 6.

Fig. 10. (a)–(e) Instantaneous flow pattern plots in one oscillation period; (f) time trace of the downstream cylinder CF motion; (g) power spectral density of the lift
force acting on the cylinders, for the case of G=d ¼ 2.
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Fig. 11. (a)–(e) Instantaneous flow pattern plots in one oscillation period; (f) time trace of the downstream cylinder CF motion; (g) power spectral density of the lift
force acting on the cylinders, for the case of G=d ¼ 3.

5. Comparison between free and forced vibration of the
downstream cylinder

observed between the free FIV response data path and the zero  Clv  line
of forced vibrations. In the case of G=d ¼ 2, due to the proximity of two
cylinders, a reattachment of the shear layers occurs. The flow around
two cylinders behaves as around a single bluff body, resulting in the FIV
response characterized by the classical galloping of non-circular bluff
bodies. The FIV amplitude Ay =d increases as the reduced frequency fr
deceases. The line of Clv ¼ 0 generally follows this trend, as shown in
Fig. 13(a). Regarding the cases of G=d >3, the flow interference turns
into the full wake interference regime. The FIV response is sustained by
the vortex shedding mechanism in the initial amplitude build-up stage.
The oscillation frequency fs is equal to the vortex shedding frequency
and varies with oncoming flow speed U linearly, resulting in the reduced
frequency fr (defined by fs d=U) roughly constant. The contour lines
experience a nearly vertical shape at this stage, consistent with the path
of free-vibration points. In the subsequent stage, the FIV response is
dominated by the wake interference mechanism. The FIV oscillation
turns into a WIV response. The oscillation amplitude continues to in
crease with the oncoming flow speed but the oscillation frequency varies
little. The FIV response points roughly follows an oblique line towards
high amplitude and low reduced frequency, also tracing the zero Clv line
for forced vibrations. In particular, although Assi et al. (2010) measured
the WIV response at various Reynolds numbers and the present hydro
dynamic coefficient is obtained at a fixed Reynolds number, the free
response data of Assi et al. closely trace the zero Clv line of forced vi
brations. This suggests the availability of present Clv contour plot for
forced vibrations in predicting the free vibration within a similar Rey
nolds number range. The good agreement between free- and
forced-vibration results confirms the correlation between free and
forced vibrations for the multiple interfering cylinders FIV and suggests

From an energy balance point of view, for a stable free-vibration of
an elastically mounted cylinder placed within an external flow, the
average fluid-structure energy transfer must be balanced for a dynamic
equilibrium. When the structural damping is negligible, Clv should be
equal to zero. Such an assumption has been displayed qualitatively valid
by Hover et al. (1998) for an isolated cylinder in the uniform flow,
shown in Fig. 1. This observation confirmed the correlation between the
free and forced vibrations of a single cylinder, and also demonstrated
that the forced vibration can be used for mapping the hydrodynamic
properties of VIV of a single cylinder.
In Sec 3, the hydrodynamic forces of a cylinder with an upstream
wake interference are obtained by the forced vibration experiment. In
Sec 4, the FIV dynamic response of an elastically mounted rigid cylinder
in the wake of an upstream stationary cylinder is obtained by numerical
simulations. In this section, in a similar way as used in Hover et al.
(1998), we plot in Fig. 11 the simulated response amplitude on the
contour plots of Clv for forced vibrations at given true reduced velocities,
shown in equation (2.7) (the vibration frequency is used.). The experi
mental FIV response points of Assi et al. (2010) are also referred to and
plotted together on the contours.
In Fig. 13, the contour plot of Clv for forced-vibrations with an
overlay of the present simulated and the experimental free-vibration
results is presented for four cases of gap ratioG=d ¼ 2, 4, 5 and 6. The
asterisks and circles denote the simulated FIV response points and the
experimental FIV response points, respectively. The red line highlights
the contour line of Clv ¼ 0. In Fig. 13, a remarkable agreement can be
13
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Fig. 12. (a)–(e) Instantaneous flow pattern plots in one oscillation period; (f) time trace of the downstream cylinder CF motion; (g) power spectral density of the lift
force acting on the cylinders, for the case of G=d ¼ 4.

that forced vibration can be used for mapping the hydrodynamic prop
erties of the FIV response of a cylinder with an upstream wake
interference.
Beyond these similarities, one may also note that there is discrepancy
between the superposed free-vibration response plot and the contour of
zero Clv , especially in the case of G=d ¼ 6. There are two possible causes
for this discrepancy. On the one hand, for the free FIV response, the
cylinder oscillation is an irregular sinusoidal motion, including beating
motion. When the FIV response turns into WIV, not only is the average
amplitude building up, but also the deviation from the average ampli
tude is increasing with reduced velocity. However, in the forced vibra
tion, the cylinder undergoes strictly sinusoidal motion. On the other
hand, as pointed by Hover et al. (1998), the force signals have much
better correlation in the forced-oscillation tests than in the free-vibration
responses.

especially for the semi-empirical modelling efforts to predict the FIV
response of multiple cylindrical structures.
In this study, forced vibration experiments are conducted on the
cylinder with an upstream wake interference. The hydrodynamic co
efficients of the cylinder involving the mean drag coefficients Cd , exci
tation coefficients Clv and added mass coefficients Cmy are obtained over
a wide variation of oscillation amplitudes (Ay =d 2[0.05, 1.35]) and
reduced frequencies (fr 2 [0.05, 0.35]) for various gap ratios (G=d 2[2,
8]). By overlying the simulated WIV response and experimental results
of Assi et al. (2010) on the contour plot of Clv from forced vibrations, a
remarkable agreement is observed between the superposed
free-vibration response plot and the contour of zero excitation. Such a
result confirms the correlation between free and forced vibrations and
suggests that the dynamic responses of WIV can be predicted by the
forced vibration.
In addition to the prediction of the amplitude and frequency re
sponses of WIV, the hydrodynamic properties of the FIV response with
an upstream wake interference have also been understood by the forced
vibration experiment. For mean drag coefficient Cd , in the case of the
cylinder with an upstream wake interference, due to the downstream
cylinder immersed in the wake of the upstream cylinder, the drag co
efficient is observed to be dramatically reduced compared with that of a
single cylinder, especially for the downstream cylinder oscillating with a
small amplitude in a close distance. For excitation coefficient Clv ,
compared with the distribution of Clv for an isolated cylinder, a signif
icantly wider region of positive  Clv is observed for the cylinder with an
upstream wake interference, as it extends to the lower fr and high
er  Ay =d. With the increase of gap ratio, the main region of positive  Clv
shrinks to lower  Ay =d, and gradually resembles the pattern of the single

6. Conclusion
For the WIV response of an elastically mounted cylinder placed
within the wake of a stationary upstream cylinder, the most plausible
modelling and prediction of it seems to be the wake-stiffness concept
proposed by Assi et al. (2013) up to now, even though this model just
predict the frequency response with the amplitude response not
included. To authors’ best knowledge, this is the first kind of such a
study that verified the forced vibration being a strong candidate to
accurately predict the amplitude and frequency responses of WIV, also
understand the hydrodynamic properties of the FIV response of multiple
interfering cylinders. Furthermore, the hydrodynamic coefficients ob
tained in this work have implications for practical applications,
14
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Fig. 13. Contour plot of forced-vibration Clv data, with an overlay of free-vibration results: present simulated results (☆), experimental results of Assi et al. (2010)
(☉) for various gap ratios  G=d: (a) 2; (b) 4; (c) 5; (d) 6.

cylinder. For added mass coefficient Cmy , compared with a single cylinder,
the critical line between positive and negative Cmy corresponds to the
lower fr , which indicates that the cylinder response is more likely to
have a negative added mass coefficient for high reduced velocity. In the
case of the single cylinder, the minimum Cmy reaches a value of 0.5.
However, for the cylinder with an upstream wake interference, the
variation of  Cmy is particularly striking, since it can be as low as 1.0.
The more significant variation of added mass coefficient indicates that
the cylinder experiences more significant vortex-structure interactions
with an upstream wake interference.
For the cylinder with an upstream wake interference, a significant
change is observed for the distribution of all hydrodynamic coefficients
during the gap ratio varying from 2 to 3. For small gap ratio, the hy
drodynamic coefficients experience more complicated variations. The
FIV wake pattern by numerical simulation suggests that the significant
change of the hydrodynamic coefficients of the downstream cylinder
results from the transition of flow interference regime from the prox
imity interference to the full wake interference.
The hydrodynamic coefficient database of the forced vibration
experiment in this paper can be downloaded from the link of "https://
github.com/hyperpotato/Hydrodata-Tandem-Cylinders".
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Appendix. Experimental and Numerical Validation
A. Experimental validation
We performed the experiment of a single cylinder forced vibrating in the CF direction with a prescribed sinusoidal motion at Re ¼ 7620. Similar
experiment has also been performed by Gopalkrishnan (1992) and Hover et al. (1998) at MIT Tow Tank Lab. The acquired hydrodynamic coefficients
of Gopalkrishnan (1992) not only helped to shed some light on the complex behavior of the rigid cylinder VIV, but also it formed a hydrodynamic
database and was used widely in various semi-empirical code for marine riser dynamic prediction (Shear 7, VIVA, VIVANA).
The result of Gopalkrishnan’s experiment at Re ¼ 10; 000 and our experiment at Re ¼ 7; 620 is presented in the contour plot as a function of fr and
Ay =d in Figs. 14 and 15 respectively for Cd (left); Clv (middle); Cmy (right). By comparison, we observe the two results, though at different Reynolds
number, show strong similarities between each other, as follows.
1. Cd is found to increase with an increase of fr and Ay =d when fr < 0:17, while Cd does not strongly depend on fr when fr > 0:17, and thus only
increases with the increase of Ay =d.
2. Clv has two positive regions in the experimental space (contour line of Clv ¼ 0 is highlighted with bold red line.). The second positive region center
around fr ¼ 0:25 is found smaller in the current experiment compared to that in Gopalkrishnan’s experiment. The maximum amplitude associated
with the contour line of Clv ¼ 0 is found to be around 0.8 at fr ¼ 0:165 for both experiments.
3. Cmy is found to change drastically from a negative to a large positive value round fr ¼ 0:16 in Gopalkrishnan’s experiment and fr ¼ 0:15 in the
current experiment. Previous visualization research has shown that such changes are accompanied with a wake mode change from “2P” to “2S”
vortex pattern (Carberry et al., 2001).

Fig. 12. Hydrodynamic coefficients of the rigid cylinder forced vibrating only in the CF direction as a function of fr and Ay =d at Re ¼ 10; 000 (Gopalkrishnan, 1992):
(a) Cd ; (b) Clv ; (c) Cmy .

Fig. 13. Hydrodynamic coefficients of the rigid cylinder forced vibrating only in the CF direction as a function of fr and at Ay =d at Re ¼ 7; 620 (present experiment):
(a) Cd ; (b) Clv ; (c) Cmy .

B. Numerical validation
The FSI numerical solver used in this study has been thoroughly validated for the VIV response of an isolated elastically mounted cylinder in Lin
and Wang (2019) and the WIV response of an elastically mounted cylinder placed in the wake of a stationary cylinder in Lin et al. (2020). The ability of
the method to capture the structural dynamic response and the fluid morphology has been demonstrated by comparing the simulated results with
benchmark experimental data in these two studies.
For VIV of a single elastically mounted cylinder, the comparison of the oscillation amplitude of the cylinder between our simulations and the
experiment of Khalak and Williamson (1996) together with the numerical results of Saltara et al. (2003) and Pan et al. (2007) is shown in Fig. 16. This
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figure indicates that our numerical results well capture the three branches of VIV in the experiments, especially the ‘upper’ branch for reduced velocity
in the range of [4, 6] which is not captured by the other two numerical simulations. Fig. 17 presents the comparisons of wake vortex shedding pattern
from our simulations (d, e, f) and experimental Particle-Image Velocimetry measurements (a, b, c). The vortex wake plots of experiment show the
existence of different vortex-shedding modes for different response branches. Our simulations well capture these characteristic vortex-shedding modes
and show good agreement with the plots of experiment.

Fig. 16. Comparison of the simulated oscillation amplitude with the results of the. experiment and other numerical simulations for VIV response of a single cylinder.
(Lin and Wang, 2019).
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Fig. 17. Comparisons of the simulated vortex wake pattern with Particle-Image Velocimetry measurements of experiment for initial branch (a, d); upper branch (b, e)
and lower branch (c, f). (Lin and Wang, 2019).

In addition to VIV of an isolated elastically mounted cylinder, the numerical solver has also been validated for the WIV response of an elastically
mounted cylinder placed in tandem with a stationary upstream cylinder. The numerical model of validation was referred to the experimental model of
Assi et al. (2010). Fig. 18 presents the comparisons of the oscillation amplitude (a) and frequency (b) of the downstream cylinder, lift force frequency
of the upstream cylinder (c) and the downstream cylinder (d) between the results of simulation and experiment of Assi et al. (2010). The experimental
data show that the FIV response of the downstream cylinder resembles the ‘initial’ branch of typical VIV response for reduced velocity below 5, then
turns into the WIV response which is characterized by a build-up of oscillation amplitude persisting to high reduced velocity. Our numerical simu
lations yield results in very good quantitative agreement with the experiment and captures all qualitative trends of the WIV response as observed in
previous experimental study. Meanwhile it can be noted that the numerical oscillation amplitude exhibits discrepancy in contrast with those of the
experiment. For the FIV experiment at subcritical Reynolds number, the vortex structure in the wake of a rigid cylinder is three-dimensional. As the
simulations were conducted in two-dimensional, resulting in part of the three-dimensional vorticity component lost. In addition to the dynamic
response and fluid forces of the cylinders, the numerical simulation has also been validated for the vortex wake pattern which was included and
discussed in detail in Lin et al. (2020).
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Fig. 18. Comparisons of oscillation amplitude (a) and frequency (b) of the downstream cylinder, lift force frequency of the upstream cylinder (c) and the downstream
cylinder (d) between the results of simulation and experiment of Assi et al. (2010) (the dark-grey line). (Lin et al., 2020).
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