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a b s t r a c t
The hydrodynamic coeﬃcients (e.g., lift coeﬃcients, drag coeﬃcients and added mass coeﬃcients) are key parameters for predicting the vortex-induced vibration (VIV) of ﬂexible cylinders. It is an experimental challenge to
directly measure the forces/coeﬃcients along a ﬂexible cylinder during model tests without disturbing the ﬂow
ﬁeld. However, such hydrodynamic features can be successfully obtained via an inverse analysis of the displacement responses based on the structural dynamics. In this paper, the hydrodynamic coeﬃcients were calculated
using the towing tank experimental results of an inclined ﬂexible cylinder undergoing VIV at ﬁve diﬀerent inclination angles (a = 0°, 15°, 30°, 45° and 60°, where a denotes the inclination angle deﬁned as the angle between the
cylinder axis and the plane orthogonal to the oncoming ﬂuid ﬂow). It is found that the inﬂuence of the inclination
angle on the hydrodynamic coeﬃcients is generally insigniﬁcant when the inclination angle is varied from 0° to
15°. In contrast, the hydrodynamic characteristics of the inclined cylinder with large inclination angles (a = 45°
and 60°) are distinct from those of the vertical ﬂexible cylinder (a = 0°) and this diﬀerence becomes more evident
as the inclination angle is increased. The RMS of the ﬂuctuating force coeﬃcients in the cross-ﬂow (CF) and inline (IL) directions, mean drag coeﬃcients, axial mean lift and varying drag coeﬃcients in the case of a = 60° are
much larger than those in the normal case(a = 0°). Meanwhile, the axial mean IL added mass coeﬃcients in the
cases of a = 45° and 60° demonstrate higher values compared to those in the normal case at certain reduced velocities. It can be speculated that diﬀerent wake behaviors are associated with the distinct hydrodynamic behaviors
of the inclined ﬂexible cylinder at diﬀerent inclination angles. Within the same mode synchronized region, the
axial distributions of the hydrodynamic coeﬃcients in the cases of a = 15° and 30° resemble that of the vertical
ﬂexible cylinder, while the spanwise variations of the hydrodynamic coeﬃcients for a = 45° and 60° agree well
with each other.

1. Introduction
Alternating vortex shedding behind a bluﬀ body could lead to vortexinduced vibration (VIV) if the structure is free to oscillate in cross-ﬂow
(CF) direction only or in both CF and in-line (IL) directions. VIV is a
ubiquitous natural phenomenon, especially for slender cylindrical objects. It may result in severe fatigue damage if not dealt with properly.
Hence, it has become one of the most challenging issues in many ﬁelds
of engineering. A large number of research works have been devoted to
this complex ﬂuid-structure interaction (FSI) problem from many perspectives, including wake ﬂow behaviors, FSI mechanisms, structural
responses and hydrodynamic features [1–5].
The ﬂuctuating forces in the CF and IL directions, which give rise to
VIV, are caused by the alternatively shed vortices around the cylinder.

∗

If the cylinder is ﬁxed in the ﬂow, the ﬂuctuating forces do not contain
the added mass forces and are named as lift and drag in the CF and IL directions, respectively. The drag can be further divided into the varying
drag and the mean drag [6]. In order to enhance our understanding of
VIV, the hydrodynamic characteristics of the ﬂow around a ﬁxed cylinder have been studied extensively over the past several decades [7]. If
the cylinder is allowed to vibrate in the ﬂow, the CF ﬂuctuating forces
can be decomposed into one part in phase with the velocity, and the
other in phase with the acceleration, namely the lift and CF added mass
force [8]. Similarly, the IL ﬂuctuating forces consist of the varying drag
and IL added mass force [9].
There have been many publications on the hydrodynamics of an
elastically-mounted rigid cylinder subjected to forced or free vibrations
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in ﬂuid ﬂow [8–13]. The mean drag coeﬃcients increase with increasing
CF displacements and reach the highest point as “lock-in” occurs. Moreover, the CF ﬂuctuating force coeﬃcients soar to the maximum value
within the “lock-in” region and are followed by a slump. The drop is
closely related to the jump of the phase between the lift coeﬃcients and
CF displacements, attributed to the switch of near wake patterns [10].
The lift coeﬃcients show a signiﬁcant dependence on the response amplitudes and frequencies of the structure and would peak when the vortex shedding frequency synchronizes with the natural frequency [8,13].
The magnitudes of the varying drag coeﬃcients are small at low amplitudes and frequencies, whereas they rocket to prominent values when
the amplitudes and frequencies reach high values [9]. The added mass
coeﬃcients are proved to be more relevant to the response frequency
than the response amplitude within “lock-in” region [11,12].
The hydrodynamic coeﬃcients of elastically-mounted rigid cylinders
undergoing forced vibrations have been employed in the empirical models for predicting the VIV responses of ﬂexible cylinders, such as VIVA,
VIVANA, VICoMo, SHEAR7 and ABAVIV. However, there exist considerable discrepancies between the VIV prediction results and experimental
results [14]. Utilizing VIV hydrodynamic coeﬃcients of long ﬂexible
cylinders could further improve the prediction accuracy. Unfortunately,
it is diﬃcult to measure the hydrodynamic forces acting along the ﬂexible cylinders directly during model tests without aﬀecting the ambient ﬂow ﬁeld. Previous researchers applied indirect methods to identify
the ﬂuid forces [15–18]. Huera-Huarte [15] proposed a ﬁnite element
method (FEM) to calculate the ﬂuid forces of a ﬂexible cylinder undergoing VIV based on the displacement responses. It was found that the
axial distributions of the ﬂuctuating forces and displacements in the CF
direction followed an analogous trend. Tang et al. [16] employed the
master-slaved technique to reduce all the rotational degrees of freedom
and input the VIV displacements into a ﬁnite element model to obtain
the ﬂuid forces. It was pointed out that the lift and varying drag coeﬃcients were associated with the energy transfer. Song et al. [17] acquired
the hydrodynamic forces on a ﬂexible cylinder by an inverse analysis
method. It was found that the hydrodynamic coeﬃcients of a ﬂexible
cylinder undergoing VIV disagreed with those obtained from forced oscillation tests of rigid cylinders and the added mass coeﬃcients were dependent on the response frequencies and the response amplitudes. Wu
et al. [18] investigated the eﬀect of the phase angles between IL and
CF displacements on the lift coeﬃcients. It was concluded that the lift
coeﬃcients were associated with the motion phase angles and tended
to have a strong spatial variation as the response have a signiﬁcant contribution of standing waves.
It is well known that cylindrical structures are often inclined with
respect to the direction of the oncoming ﬂow in practical engineering
applications. The inclination angle a is deﬁned as the angle between the
cylinder axis and the plane perpendicular to the oncoming ﬂow. Hence,
a = 0° is corresponding to the normal ﬂow conﬁguration. In order to estimate the vortex shedding characteristics of inclined rigid cylinders, Hanson [19] and Van Atta [20] introduced the Independence Principle (IP)
which assumes that the wake ﬂow of the inclined cylinders are essentially driven by the inﬂow normal component and the axial component
has a negligible impact. In recent years, the validity of the Independence
Principle has been veriﬁed by examining the ﬂuid-structure interaction
characteristics (e.g. the vortex shedding behaviors, hydrodynamic features and structural responses) of ﬁxed or elastically supported rigid
cylinders inclined to the oncoming ﬂow [21–26]. However, the performance of the Independence Principle in predicting VIV hydrodynamic
coeﬃcients of the inclined ﬂexible cylinders has been scarcely reported.
The hydrodynamic characteristics of an inclined stationary cylinder
are obviously diﬀerent from those of a cylinder normal to the ﬂow as a
result of the three-dimensional ﬂow features [21]. Some experimental
and numerical studies on the hydrodynamic behaviors of a ﬁxed cylinder inclined at diﬀerent inclination angles have been conducted by Ramberg [21] and Zhao et al. [22,23]. The three-dimensional wake vortex
ﬂow was observed in the case of ﬂow past an inclined stationary cylin-

der with ﬁnite length. The values of the mean drag coeﬃcients and lift
coeﬃcients are much higher than that predicted by the Independence
Principle, especially in the case of large inclination angles owing to the
strong inﬂuence of the axial ﬂow on the vortex shedding. The hydrodynamic force coeﬃcients show strong spanwise dependence due to the
signiﬁcant eﬀect of the three-dimensional phenomenon.
The hydrodynamic mechanisms become more complicated if the inclined cylinder can oscillate in the ﬂow. Several researchers have considered the VIV hydrodynamics of inclined elastically supported rigid cylinders. Lucor and Kamiadakis [24] numerically studied the hydrodynamics of an inclined elastically supported cylinder undergoing VIV with
a = 0°, −60°and −70°. It was found that the base pressures on the inclined
cylinder were lower than the results predicted by the Independence Principle, which produced signiﬁcantly greater drag coeﬃcients than those
estimated by the Independence Principle. Franzini et al. [25] conducted
model tests to explore the hydrodynamics of an inclined elastically supported rigid cylinder with the CF oscillation only. The inclination angles
were set to 0°, −20°and −45°, respectively. It was found that the CF ﬂuctuating force coeﬃcients did not decrease signiﬁcantly as the inclination
angle was increased, and the added mass coeﬃcients gradually dropped
in “lock-in” region. Franzini et al. [26] carried out experiments on VIV
of an inclined rigid cylinder elastically supported in both the CF and IL
directions with a = 0°, ±15°, ±30° and ±45°. It was observed that the
mean drag coeﬃcients and the CF ﬂuctuating force coeﬃcients reduced
at larger inclination angles. However, the mean drag coeﬃcients were
positively related to the displacement in the CF direction.
Nevertheless, little attention has been paid to the VIV hydrodynamics
of inclined ﬂexible cylinders. Recently, Bourguet et al. [27] and Bourguet and Triantafyllou [28] studied VIV of inclined ﬂexible cylinders at
a = 60° and 80° by means of direct numerical simulation (DNS). It was
found that the part of the inﬂow axial component perpendicular to the
cylinders could result in distinct responses of the ﬂuid-structure system
and aﬀected the hydrodynamic characteristics. The mean drag coeﬃcients and lift coeﬃcients of the inclined cylinder were much higher
than those of the vertical cylinder. In addition, there was an obvious
discrepancy in the axial distribution of the hydrodynamic coeﬃcients
between the inclined cylinder and the vertical one. Han et al. [29] performed experimental investigations of the VIV responses and the mean
drag features of an inclined ﬂexible cylinder with a = 45° in uniform
ﬂow. The mean drag coeﬃcients were obtained using the FEM technique put forward by Huera-Huarte [15]. It was found that the mean
drag coeﬃcients of the inclined ﬂexible cylinder at a = 45° agreed well
with those of the vertical cylinder. In addition, the mean drag coeﬃcients of the inclined ﬂexible cylinder did not show a sharp decrease,
which was inconsistent with the trend of an inclined rigid cylinder.
According to the aforementioned literature review, the VIV hydrodynamic characteristics of an inclined ﬂexible cylinder diﬀer from those of
an inclined rigid cylinder. Hence, the VIV hydrodynamic features of the
inclined cylinder urgently need to be further investigated. There are two
main objectives of our current research. The ﬁrst one is to study the effects of the inclination angle on the hydrodynamic characteristics of an
inclined ﬂexible cylinder undergoing VIV. The second one is to improve
the database of VIV hydrodynamic coeﬃcients to a certain extent. In
this paper, the hydrodynamic coeﬃcients are obtained indirectly from
the displacement responses from our previous towing tank experimental
campaigns on VIV of an inclined ﬂexible cylinder with ﬁve inclination
angles (a = 0°, 15°, 30°,45° and 60°) [30].
The outline of the rest of the paper is as follows. Section 2 introduces
the method for force calculations and a brief description of the experimental arrangement and data processing is provided in Section 3. In
Section 4, the results of the hydrodynamic coeﬃcients and in-depth discussions about their characteristics varying with the inclination angle
are presented. Finally, the conclusions of this paper are summarized in
Section 5.
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Fig. 1. Schematics of the ﬂexible cylinder model. (a) general view;(b) cross-sectional view.

2. Calculation of the ﬂuid forces of a ﬂexible cylinder undergoing
VIV
As we know, it is very challenging to measure the VIV hydrodynamic
forces of a ﬂexible cylinder directly and cause negligible eﬀects on the
ﬂow ﬁeld. However, the hydrodynamic forces of a ﬂexible cylinder can
be calculated by inverse analysis methods. Such methods for reconstruction of ﬂuid forces have been proved to be feasible [15,17,18]. The response displacements of a ﬂexible cylinder undergoing VIV can be obtained easily from the model test. The ﬂexible cylinder model can be
separated into multiple beam elements according to the ﬁnite element
method. Taking the response displacement as the input data, the hydrodynamic forces are determined inversely from the ﬁnite element model
of the ﬂexible cylinder. Subsequently, lift coeﬃcient, drag coeﬃcient
and added mass coeﬃcient can be obtained by decomposing the hydrodynamic force using the least squared method.
Fig. 1 shows the schematics of the ﬂexible cylinder model. Axis of
x denotes the IL direction. Axis of y stands for the CF direction. Axis
of z denotes the axial direction of the cylinder. U is the uniform ﬂow
velocity. T is the axial tension. qx and qy are the IL and CF ﬂuctuating
forces, respectively. qx_mean is the mean drag in the IL direction. The
ﬂexible cylinder can be modeled as an Euler–Bernoulli beam, and the
governing vibration equations in the IL and CF direction are expressed
as Eqs. (1) and (2) [17],
(
)
( ′′
)
′′
EI 𝑥′′′′ + 𝑥′′′′
̈ = 𝑞𝑥 + 𝑞𝑥_mean
(1)
mean − 𝑇 𝑥 + 𝑥mean + 𝑐𝑥 𝑥̇ + 𝑚𝑠 𝑥

EI𝑦′′′′ − 𝑇 𝑦′′ + 𝑐𝑦 𝑦̇ + 𝑚𝑠 𝑦̈ = 𝑞𝑦

EI𝑥′′′′ − 𝑇 𝑥′′ + 𝑐𝑥 𝑥̇ + 𝑚𝑠 𝑥̈ = 𝑞𝑥

(4)

(7)

(8)

where 𝜆1 and 𝜆2 can be calculated using any two of the modal damping
ratios and the natural circular frequency of the corresponding modes
[15].
⎧𝜆 + 𝜆 𝜔 2
2 𝑘
⎪ 1
= 𝜉𝑘
⎪
2𝜔𝑘
⎨𝜆 + 𝜆 𝜔 2
2 𝑝
⎪ 1
= 𝜉𝑝
⎪
2𝜔𝑝
⎩

(9)

According to Eq. (9), we can obtain 𝜆1 and 𝜆2 . 𝜔k and 𝜔p are the k-,
p-order natural circular frequencies, respectively. 𝜉 k and 𝜉 p are the k-, porder structural damping ratios, respectively. The ﬂexible cylinder has
multi-order natural frequencies, which can be obtained by theoretical
calculation or free decay tests in air [15].
qx, qx_mean and qy can be obtained from the ﬂuid load matrices if
Qx , Qx_mean and Qy are calculated according to Eqs. (5)–(7). The rootmean-square (RMS) of the IL and CF ﬂuctuating force coeﬃcients can
be acquired by Eqs. (10) and (11).
√
⎞
⎛ 𝐿∕𝑙 √
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√
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2 ⎜ 𝑙 ∑√
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⎝
⎠
√
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𝑁𝑠
√
)⎟
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1 ∑ 2(
√
𝑧
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𝑞
,
𝑡
(11)
⎜
𝑁𝑠 𝑗=1 𝑦 𝑖 𝑗 ⎟⎟
𝜌𝐷𝑈 2 𝑙 ⎜ 𝐿 𝑖=1
⎝
⎠
Where Ns is the sampling number. L is the length of the ﬂexible cylinder. l is the element length of the ﬂexible cylinder. 𝜌 is the ﬂuid density.
D is the diameter of the cylinder. The mean drag coeﬃcients CD 0 can be
calculated from Eq. (12).
)
( 𝐿∕𝑙
( )
2
𝑙 ∑
𝐶𝐷0 =
𝑞𝑥_𝑚𝑒𝑎𝑛 𝑧𝑖
(12)
𝜌𝐷𝑈 2 𝑙 𝐿 𝑖=1

The ﬂuid forces acting on the ﬂexible cylinder can be identiﬁed by
a ﬁnite element method [15,16,18]. The ﬂexible cylinder model is idealized as an assembly of the beam elements. There are four degrees of
freedom (DOF) in each element, namely two translation and two rotation DOFs at the end of the element. Eqs. (2)–(4) are rearranged into the
following ﬁnite element form,
(𝐾𝐸 + 𝐾𝑃 )𝑋𝑚𝑒𝑎𝑛 = 𝑄𝑥_𝑚𝑒𝑎𝑛

𝑀𝑠 𝑌̈ + 𝐶𝑌 𝑌̇ + (𝐾𝐸 + 𝐾𝑃 )𝑌 = 𝑄𝑦

𝐶𝑌 = 𝜆1 𝑀𝑠 + 𝜆2 (𝐾𝐸 + 𝐾𝑃 )

where EI is the bending stiﬀness, ms represents the structural mass per
unit length, cx and cy are the structural damping coeﬃcients in the IL
and CF directions, respectively. x and y are the IL and CF displacements,
respectively. A dot denotes diﬀerentiation with respect to time. It is
noted that the governing equation in the IL direction is diﬀerent from
that in the CF direction. Due to the eﬀect of the uniform ﬂow, the ﬂexible
cylinder experience a mean drag qx_mean in the IL direction which causes
the mean displacement xmean [17]. x′′′′, x′′′′mean and y′′′′ represent the
fourth-order partial derivative with respect to the axial coordinate z. x′′,
x′′mean and y′′ indicate the second-order partial derivative with respect
to z. As the mean displacement xmean is caused by the mean drag and the
IL oscillating displacement x is closely related to the IL ﬂuctuating force
qx , the IL governing equation (1) can be split into Eqs. (3) and (4).
(3)

(6)

where Ms is the mass matrix, KE represents the elastic stiﬀness matrix,
KP denotes the geometric matrix. X and Y are the vectors of IL and CF
oscillating displacements, respectively. Qx , Qx_mean and Qy are the ﬂuid
load matrices. CX and CY are the structural damping matrices. Taking
the structural damping in the CF direction as an example, the structural
damping matrix CY can be expressed as Rayleigh damping form [15,16],

(2)

′′
EI𝑥′′′′
mean − 𝑇 𝑥mean = 𝑞𝑥_mean

𝑀𝑠 𝑋̈ + 𝐶𝑋 𝑋̇ + (𝐾𝐸 + 𝐾𝑃 )𝑋 = 𝑄𝑥

For an oscillating cylinder, the CF ﬂuctuating force includes not only
lift but also added mass force. It can be decomposed into two components, namely lift and CF added mass force. The lift is in phase with velocity and denotes the energy transfer between the structure and ﬂuid.
The added mass force is in phase with acceleration and determines the
added mass coeﬃcient. Similarly, the IL ﬂuctuating force can be decomposed into varying drag and IL added mass force [8,9,17]. The forces qx

(5)
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Table 1
Geometric and mechanical parameters of
the cylinder model.

and qy obtained from the inverse analysis method are regarded as the
real ﬂuid forces. While qx_predict and qy_predict represent the predicted values of the vortex shedding forces. The predicted ﬂuid forces qx_predict and
qy_predict can be presented as follows [17],
𝑞𝑥_𝑝𝑟𝑒𝑑𝑖𝑐𝑡

𝜌𝐷𝑙
1
= √
𝑈 2 𝐶𝐷 𝑥̇ − 𝜌𝜋𝐷2 𝑙𝐶𝑎𝑥 𝑥̈
4
2 2𝑥̇ 𝑟𝑚𝑠

(13)

𝜌𝐷𝑙
1
𝑞𝑦_𝑝𝑟𝑒𝑑𝑖𝑐𝑡 = √
𝑈 2 𝐶𝐿 𝑦̇ − 𝜌𝜋𝐷2 𝑙𝐶𝑎𝑦 𝑦̈
4
2 2𝑦̇ 𝑟𝑚𝑠

(14)

The least square method is employed to assure the minimum squared
errors of the IL and CF ﬂuctuating forces between the real and predicted
values [9,17]. The squared errors can be expressed as [17],
(
)2
𝑁𝑠
∑
𝜌𝐷𝑙
1
𝑒𝑥 2 =
𝑈 2 𝐶𝐷 𝑥̇ − 𝜌𝜋𝐷2 𝑙𝐶𝑎𝑥 𝑥̈ − 𝑞𝑥
(15)
√
4
2 2𝑥̇
1
𝑒𝑦 2 =

∑

(

1

𝜌𝐷𝑙
1
𝑈 2 𝐶𝐿 𝑦̇ − 𝜌𝜋𝐷2 𝑙𝐶𝑎𝑦 𝑦̈ − 𝑞𝑦
√
4
2 2𝑦̇ 𝑟𝑚𝑠

)2
(16)

The varying drag coeﬃcient CD , lift coeﬃcient CL , and IL and CF
added mass coeﬃcient Cax , Cay are acquired by ﬁnding the minimum
ex 2 and ey 2 . The detailed formulas are as follows [17],
√
2 2𝑥̇ 𝑟𝑚𝑠 (𝐽2 𝐽5 − 𝐽3 𝐽4 )
𝐶𝐷 =
(17)
𝜌𝐷𝑙𝑈 2 (𝐽2 2 − 𝐽1 𝐽4 )
𝐶𝑎𝑥 =

𝐶𝐿 =
𝐶𝑎𝑦 =

4 (𝐽1 𝐽5 − 𝐽2 𝐽3 )
𝜋𝜌𝐷2 𝑙 (𝐽2 2 − 𝐽1 𝐽4 )

𝜌𝐷𝑙𝑈 2

∑
1

(19)

(𝑆2 2 − 𝑆1 𝑆4 )

4 (𝑆1 𝑆5 − 𝑆2 𝑆3 )
𝜋𝜌𝐷2 𝑙 (𝑆2 2 − 𝑆1 𝑆4 )

where𝐽1 =
𝑁𝑠

(18)

√
2 2𝑦̇ 𝑟𝑚𝑠 (𝑆2 𝑆5 − 𝑆3 𝑆4 )

𝑦̇ 2 ,𝑆2 =

𝑁𝑠

∑

1
𝑁𝑠

∑
1

𝑥̇ 2 ,𝐽2 =

𝑁𝑠

∑

𝑥̇ ⋅ 𝑥̈ ,𝐽3 =

1
𝑁𝑠

𝑦̇ ⋅ 𝑦̈,𝑆3 =

∑
1

(20)
𝑁𝑠

∑
1

𝑞𝑥 ⋅ 𝑥̇ , 𝐽4 =

𝑞𝑦 ⋅ 𝑦̇ , 𝑆4 =

𝑁𝑠

∑
1

𝑦̈ 2 ,𝑆5 =

𝑁𝑠

∑
1
𝑁𝑠

∑
1

𝑥̈ 2 ,𝐽5 =

𝑁𝑠

∑
1

Values

Total length, L
Outer diameter, D
Bending stiﬀness, EI
Axial tension, T
Mass per unit length, ms
Mass ratio, m∗
Aspect ratio, L/D

5.60 m
0.016 m
17.45 Nm2
300 N
0.3821 kg/m
1.90
350

connected to a steel wire, which was passed through a pulley and connected to the spring, tensioner and load cell in sequence. The application
of spring allowed a gradual variation of the axial tension on the cylinder model during the tests. The tensioner was used to adjust the axial
tension to 300 N for all the cases. The load cell was adopted to monitor
the axial tension.
Five inclination angles, a = 0°, 15°, 30°, 45° and 60°, were selected
by adjusting the angle on the angle plate which is shown in Fig. 3. The
supporting plate could be rotated with the rotation of the angle plate.
Moreover, it should be pointed out that the plane of the supporting plate
must always keep parallel with the ﬂow direction. The horizontal supporting frame was connected to the towing carriage with an inclination
angle which was same as the setting of the angle plate, ensuring the
cylinder model inclined at a corresponding angle. The test schematics is
shown in Fig. 4.
The ﬂexible cylinder model used in the tests was a coaxial composite tube. The inner part of the cylinder was a copper pipe with seven
measurement points, G1-G7, evenly distributed along the axial direction. A total of 28 resistance strain gauges were instrumented on the
surface of the copper pipe in both the CF and IL directions to collect
the information of bending strains by half-bridge topology. The outer
part of the cylinder model was a silicon tube which not only provided a
smooth external surface but also protected and insulated the measuring
instrumentation. The key parameters of the cylinder model are listed in
Table 1.
The ﬂexible cylinder model was submerged 1.0 m below the free surface to avoid its eﬀect. The uniform ﬂow was generated by towing the
cylinder model in still water from 0.05 m/s to 1.0 m/s with an interval
of 0.05 m/s. The sampling time was 50 s. The sampling frequency was
100 Hz, which is enough to prevent aliasing problems. The interval between two consecutive runs was at least 15 min, eliminating the water
disturbance before a new run.

𝑟𝑚𝑠

𝑁𝑠

Parameters

𝑞𝑥 ⋅ 𝑥̈ ,𝑆1 =

𝑞𝑦 ⋅ 𝑦̈. 𝑥̇ 𝑟𝑚𝑠 and 𝑦̇ 𝑟𝑚𝑠

denote the RMS of IL and CF velocities, respectively.
When we use the aforementioned method to calculate the hydrodynamic force coeﬃcients of inclined ﬂexible cylinders, the ﬂow velocity
U should be replaced by equivalent velocity Un . The equivalent velocity
Un is equal to Ucosa, which is the component of ﬂow velocity vertical
to the cylinder axis. In this way, it is convenient to compare the various
results at diﬀerent inclination angles.

3.2. Natural frequencies and structural damping

3. Description of the model tests

As shown in Eq. (9), the constant coeﬃcients of Rayleigh damping 𝜆1
and 𝜆2 , are calculated according to the structural damping ratios and the
natural circular frequencies, which can be obtained from the free decay
tests in air. A hammer was applied to hit the ﬂexible cylinder to excite
the oscillations in the CF and IL directions, respectively. The ﬂexible
cylinder has multi-order natural frequencies, and multi-mode vibration
can be induced due to the sudden impact. The free decay curve can
be decomposed into time histories of the responses at diﬀerent modes
by modal decomposition. The structural damping ratio and the natural
frequency at diﬀerent modes can be calculated.
As a typical example, Fig. 5 shows the time history and amplitude
spectrum of CF strains of the inclined cylinder with a = 45° at the 1st
mode. The structural damping ratio is determined from the following
expression,

To the best knowledge of the authors, there are very few available
experimental results of inclined ﬂexible cylinder undergoing VIV. More
recently, Xu et al. [30] carried out a series of laboratory tests on the VIV
of an inclined ﬂexible cylinder in a towing tank to investigate the eﬀects
of inclination angle on the VIV dynamic characteristics. In this paper,
the VIV hydrodynamic force coeﬃcients of an inclined ﬂexible cylinder
are obtained based on the results of displacement responses in Xu et al.
[30].
3.1. Experimental arrangement
A brief introduction to the model tests is presented in this section.
The readers are referred to Xu et al. [30] for more details about the experiments. Fig. 2 shows the sketch of the experimental apparatus. One
end of the cylinder model was connected to a universal joint ﬁxed on
the supporting plate. The other end of the ﬂexible cylinder model was

𝜉1 =
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Fig. 2. Sketch of the experimental apparatus [30].

Fig. 3. Angle plate.
Fig. 4. Test schematics.

where A1 and As +1 are peak values of the strains, s is the number of cycles between the ﬁrst and the (s + 1)th cycle. The natural frequency can
be acquired by the fast Fourier transform (FFT) using the time-varying
strain signals. As shown in Fig. 5b, the 1st natural frequency in air is
2.80 Hz in this example. It is well known that the natural circular frequency is equal to natural frequency multiplied by 2𝜋. The structural
damping ratios and natural frequencies at other modes can be calculated in a similar way.
Free decay tests in water were also conducted. The natural frequencies were compared with the analytical values which were calculated as

follows [30],
√
( )2
𝑛𝜋 𝐸𝐼
𝑛
𝑇
𝑓𝑛 =
+
2𝐿 𝑚
𝐿
𝑚

(22)

where fn is the nth natural frequency of the cylinder, m is the mass
per unit length, including the structural mass and added mass which
can be estimated by 𝜌𝜋D2 /4. The experimental results of the natural
frequencies in water agree quite well with the analytical results using
Eq. (22). The average error is less than 6%, indicating the reliability of

Fig. 5. Time history (a) and amplitude spectrum (b) of CF strain of the inclined ﬂexible cylinder with a = 45° at the midpoint during free decay test in air.
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the whole experimental system featured with varying inclination angles
of the ﬂexible cylinder [30].

tension dominated string-like vibration. Hence, the RMS of the CF ﬂuctuating force coeﬃcients in Sanaati and Kato [32] are similar to that
of elastically supported rigid cylinders and smaller than those of the
vertical ﬂexible cylinder in this paper as Vr ≥ 10.7.
It can be seen that the RMS of the CF ﬂuctuating force coeﬃcient
of the inclined ﬂexible cylinder at a = 15° is close to that of the vertical ﬂexible cylinder. As the inclination angle is increased to 30°, the
CCF_rms is larger than that of the vertical ﬂexible cylinder at the 1st mode
resonance. When the reduced velocity is in the range of Vr ≥ 11.9, the
CCF_rms of the inclined ﬂexible cylinder at a = 30° shows a slight discrepancy from that of the vertical ﬂexible cylinder. For a = 45°, the ﬂexible
cylinder has relatively higher CCF_rms than the cases of a = 0°, 15° and 30°
at both the 1st and 2nd mode resonance. When Vr ≥ 11.9, the CF ﬂuctuating force coeﬃcient in the case of a = 45° is close to that of the vertical
ﬂexible cylinder. The CCF_rms of the inclined ﬂexible cylinder at a = 60°
agrees well with that in the case of a = 45° at the 1st mode resonance.
However, the CCF_rms for a = 60° is much larger than that in other cases
at Vr ≥ 9.2. The eﬀects of inclination angle on the CF ﬂuctuating force
coeﬃcients of the inclined ﬂexible cylinder is not the same as those on
the inclined rigid cylinder. As shown in Fig. 6, the results by Franzini
et al [26] suggested that the increase of the inclination angle led to a
sharp drop of the RMS of CF ﬂuctuating coeﬃcient on the rigid cylinder.
However, the RMS of the CF ﬂuctuating force coeﬃcient of the inclined
ﬂexible cylinder does not reduce comparing to that in the normal case
at the 1st mode resonance. It is possible that the decline of response
amplitudes in the CF direction is responsible for the reduction of the CF
ﬂuctuating force coeﬃcient in Franzini et al [26]. Huera-Huarte et al.
[36] pointed out that the CF ﬂuctuating force coeﬃcients are positively
correlated with the CF displacements within “lock-in” region. Xu et al.
[30] also found that there was a slight upward trend for the peak of the
RMS displacement with increasing inclination angle, which is inconsistent with the results of the inclined rigid cylinder [26]. It is supposed
that this diﬀerence can be attributed to two reasons [30]:(1) the ﬂexible
cylinder model was used in the experiment of Xu et al. [30] instead of
a rigid one; (2) the boundary conditions in the experimental set-up of
Franzini et al. [26] were asymmetric. As the consequence of the slight
enlargement of the CF displacement of the inclined ﬂexible cylinder with
the increase in the inclination angle, the CCF_rms rises correspondingly.
Bourguet et al. [27] numerically found that the CF ﬂuctuating force coeﬃcient of the inclined ﬂexible cylinder at a = 60° was much larger than
that of the vertical one, which might be caused by the fact that part of the
axial component of the inﬂow is locally perpendicular to the cylinder as
the IL bending is large [27]. It can be concluded that the Independence
Principle is not applicable to the prediction of the CF ﬂuctuating force
coeﬃcients when the inclination angle exceeds 15°. The gap of CCF_rms
between the inclined ﬂexible cylinder and the vertical one grows wider
with the increase of the inclination angle.
Fig. 7 presents the RMS of the IL ﬂuctuating force coeﬃcient of the
inclined ﬂexible cylinder. The experimental results of vertical cylinders
by Jauvtis and Williamson [10] and Sanaati and Kato [32] are also included in Fig. 7 for comparison. It is clear that the CIL_rms of an elastically supported rigid cylinder in Jauvtis and Williamson [10] is distinct
from that of a ﬂexible cylinder in Sanaati and Kato [32]. Moreover, the
IL ﬂuctuating force coeﬃcient of the current research is also diﬀerent
from that in Sanaati and Kato [32] due to the tension dominated stringlike vibration in their tests. It is shown in Xu et al. [30] that the RMS
of the IL amplitudes is much scattered, which can be attributed to the
higher mode of vibration. Consequently, the CIL_rms of the ﬂexible cylinder is also disordered. It can be seen from Fig. 7 that the RMS of IL
ﬂuctuating force is sensitive to the reduced velocity and may reach the
highest points within the mode synchronized region, such as Vr = 3.1,
9.2, 12.2, 23.0 and 27.6. The CIL_rms in the cases of a = 0° and 15° share
an identical variation trend with Vr , despite the fact that the CIL_rms at
a = 15° is much smaller than that in the normal case at Vr ≤ 7.4 and
Vr ≥ 17.8. For a = 30°, the variation of the CIL_rms is analogous to that
in the normal case with the values of CIL_rms being much lower than

3.3. Displacement reconstruction
Bending strain signals of the ﬂexible cylinder were directly measured in Xu et al. [30], and a modal analysis approach [31] was employed to reconstruct the IL and CF oscillating displacements. Taking
the reconstruction of the CF oscillating displacement as an example, the
displacement y (z, t) can be composed in the following form,
𝑦(𝑧, 𝑡) =

∞
∑
𝑛=1

𝑤𝑛 (𝑡)𝜑𝑛 (𝑧),

𝑧 ∈ [0, 𝐿]

(23)

where t denotes time, wn (t) is the modal weight, 𝜑n (z) is the mode shape,
n is the mode number. The mode shape could be assumed to be sinusoidal or approximated with sinusoids for a pinned-pinned cylinder, as
shown in Eq. (24).
𝑛𝜋𝑧
𝜑𝑛 (𝑧) = sin
(24)
𝐿
The relationship between the strain 𝜀y (z, t) and y(z, t) is as follows,
𝜀𝑦 (𝑧, 𝑡)
𝑅

= 𝑦′′ (𝑧, 𝑡) = −

𝑁 (
)
∑
𝑛𝜋 2
𝑛=1

𝐿

𝑤𝑛 (𝑡) sin

𝑛𝜋𝑧
𝐿

(25)

where N is the highest mode number participating in the CF direction. As
mentioned in Section 3.1, the strain gauges were attached to the outer
surface of the copper pipe and the bending stiﬀness of the silicon tube
can be neglected. Hence, R is the radius of the copper pipe. According to
Eq. (25), the modal weight wn (t) can be calculated based on the strains
at the measurement points. Substituting the modal weight into Eq. (23),
the CF oscillating displacement was obtained.
The IL mean displacement xmean can be expressed in terms of the
strains induced by the initial bending 𝜀x_mean (z) [17].
𝑥′′
𝑚𝑒𝑎𝑛 (𝑧) =

𝜀𝑥_𝑚𝑒𝑎𝑛 (𝑧)
𝑅

(26)

From Eq. (26) the IL mean displacement xmean was calculated.
4. Hydrodynamic characteristics of the inclined ﬂexible cylinder
The VIV hydrodynamic coeﬃcients of the inclined ﬂexible cylinder
are presented in this section. It is noted that the reduced velocity Vr in
this paper is equal to U cos(a)/f1 D. Herein, f1 is the 1st natural frequency
of the ﬂexible cylinder calculated from Eq. (22).
4.1. CF and IL ﬂuctuating force coeﬃcients
Fig. 6 shows the RMS of the CF ﬂuctuating coeﬃcients versus the
reduced velocity. The IL and CF ﬂuctuating force coeﬃcients shown in
Figs. 6 and 7 are calculated according to Eqs. (10) and (11). The experimental results of elastically supported rigid cylinders [10,26] and ﬂexible cylinders [15,32] are presented in Fig. 6. As the VIV oscillation amplitudes in the CF direction are insigniﬁcant at Vr ≤ 2.0, the calculated
hydrodynamic coeﬃcients are erroneous at those reduced velocities and
thus not presented. It can be seen that the RMS of the CF ﬂuctuating coefﬁcients of the vertical ﬂexible cylinder peaks at the 1st mode resonance
and then decreases before the vibration enters into the 2nd dominant
mode, which is consistent with the variation of CCF_rms of elastically supported rigid cylinders within the “lock-in” region [10,26]. As a series of
axial forces were applied during the model tests conducted by HueraHuarte [15], the RMS of the CF ﬂuctuating force coeﬃcient in his research is much scattered. The vertical ﬂexible cylinder in Huera-Huarte
[15] experienced prominent CCF_rms compared to that in the present research, which is mainly attributed to the diﬀerent ﬂow conditions (i.e.,
the ﬂexible cylinder oscillated freely in stepped ﬂow in his research). It
is noted that the VIV of a ﬂexible cylinder in Sanaati and Kato [32] is
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Fig. 6. RMS of the CF ﬂuctuating force coeﬃcients versus the reduced velocity.
(a) a = 0°, 15° and 30°; (b) a = 0°, 45° and 60°.

those of the vertical ﬂexible cylinder at 11.9 ≤ Vr ≤ 15.9 and higher at
18.6 < Vr < 21.2. A remarkable discrepancy is observed for the RMS of
IL ﬂuctuating force coeﬃcient between a = 45° and a = 0°, especially at
Vr = 8.4 and Vr = 11.9–18.4, which is closely related to the dominant
frequency represented the largest peak in the spectra plot from the FFT
analysis of the time-varying displacement. When the inclination angle is
increased to 60°, the ﬂexible cylinder experiences extremely prominent
CIL_rms compared to that in the other cases, especially at Vr = 4.6 and
8.4. It indicates that the inclination angle has a considerable eﬀect on
the CIL_rms of an inclined ﬂexible cylinder and the IP cannot predict the
CIL_rms accurately even when the ﬂexible cylinder is inclined at a small
inclination angle of 15°.

with the increase of inclination angle [23], which is perhaps the reason why CD 0 in the cases of a = 45° and 60° is greater than that in the
normal case. For a = 60°, the ampliﬁcation of the mean drag coeﬃcient
is remarkable. A similar trend has also been mentioned in Zhao et al.
[23] for a stationary rigid cylinder inclined at 45° and in Bourguet and
Triantafyllou [28] for a ﬂexible cylinder undergoing VIV with a larger
inclination angle of 80°. The inconsistent relationship between the mean
drag coeﬃcient and the inclination angle in diﬀerent research is mainly
attributed to the eﬀect of the end conditions adopted in the experimental and numerical simulation setup. Zhao et al. [23] employed a periodic
condition at the boundaries to eliminate the inﬂuence of end conditions.
However, it is diﬃcult to eliminate the eﬀect of the end conditions in
the VIV experiments of an inclined rigid cylinder. Therefore, the experimental results of an inclined rigid cylinder presented in Franzini et al.
[26] are diﬀerent from the present experimental results and the numerical results [23,28]. It is interesting that CD 0 of the vertical ﬂexible cylinder increases signiﬁcantly at Vr = 21.5 and peaks at Vr = 24.5. The peak
value of CD 0 at Vr = 24.5 is mainly due to the fact that the vibration of
the vertical ﬂexible cylinder is at the 3rd mode resonance and the RMS
of CF response displacement reaches the maximum value at Vr = 24.5
[30]. However, CD 0 of the ﬂexible cylinder inclined at a = 15° and 30°
varies mildly when the reduced velocity is larger than 15.0. The ﬂow
component along the axial direction of the inclined ﬂexible cylinder is
enhanced as the incoming ﬂow velocities increase to large values. The
eﬀect of the axial ﬂow component results that the mean drag coeﬃcient
of the inclined ﬂexible cylinder shows a much weaker relationship with
the CF response displacement than that of the vertical ﬂexible cylinder.
The mean drag coeﬃcients (CD 0 ) can be roughly estimated if the
CF displacements are known, which is of great importance to the structural design in engineering applications. So, it is well worth studying the

4.2. Mean drag coeﬃcients
The mean drag coeﬃcients of the ﬂexible cylinders are very important parameters for the engineering structure design. Fig. 8 shows the
mean drag coeﬃcient of cylinders undergoing VIV which are acquired
from Eq. (12) versus the reduced velocity. It is worth noting that the
mean drag coeﬃcients always reach the maximum values within the
“lock-in” regions. This phenomenon has been observed for vertical cylinders as a consequence of a sudden increase of the response amplitude
in the CF direction when the natural frequency of the body and the
vortex shedding frequency are synchronized [10,15,26]. The mean drag
coeﬃcients of the vertical ﬂexible cylinder agree with the experimental
results of other researchers [15]. The results of an inclined elastically
supported rigid cylinder [26] showed that the mean drag coeﬃcient decreased with the increase of the inclination angle. However, the CD 0 of
an inclined ﬂexible cylinder does not show a decline when the inclination angle is increased. On the contrary, there is an increase in the mean
drag coeﬃcients for a = 45° and 60°. The axial vortices can be stronger
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Fig. 7. RMS of the IL ﬂuctuating force coeﬃcients versus the reduced velocity.
(a) a = 0°, 15° and 30°; (b) a = 0°, 45° and 60°.

correlation between the mean drag coeﬃcients and CF displacements.
Fig. 9 presents the mean drag coeﬃcients versus the RMS of CF displacements. The mean drag coeﬃcients of the ﬂexible cylinder have the
same growth trend with the increase of CF displacements, as those of
the rigid cylinder [10,26]. Vandiver [33] used their ﬁeld experimental data of long ﬂexible cylinders in steady and uniform ﬂow to obtain
an equation which described the relationship between the mean drag
coeﬃcients and the CF displacements within “lock-in” condition. This
equation can be utilized to predict the mean drag coeﬃcients according to the CF displacements. Song et al. [34] conducted model tests on a
ﬂexible cylinder undergoing VIV in the sheared ﬂow. A prediction model
for the mean drag coeﬃcients was proposed, considering the dominant
mode number, dominant frequency, ﬂow velocity and CF displacement.
A new expression for predicting the mean drag coeﬃcients on an
inclined ﬂexible cylinder undergoing VIV at inclination angles ranging
from 0° to 60° is proposed according to the expression derived by Vandiver [33] and Song et al. [34], as shown in Eq. (27). The following
model for the mean drag coeﬃcient prediction provides a rough guide
to the industry.
(
(
)0.65 )
0.17 2𝑦𝑟𝑚𝑠
𝐶𝐷0 = 𝐶𝑑 1 +
(27)
𝐷
cos2 𝑎

at every node are obtained from Eqs. (17)–(20). Fig. 10 shows the variation of the axial mean lift coeﬃcients with the reduced velocity. It can
be seen that the CL_mean of the vertical ﬂexible cylinder ascends to its
peak ﬁrst and then falls consistently within the mode synchronized region. When the higher mode of vibration is excited, the vertical ﬂexible
cylinder has preponderant values of the axial mean lift coeﬃcient. For
example, the peak of CL_mean of the vertical ﬂexible cylinder is 0.33, 0.78,
0.98 and 1.31 in the ﬁrst four mode synchronized regions, respectively.
The variation of the axial mean lift coeﬃcient in the case of a = 15°
is similar to that of the vertical ﬂexible cylinder, which indicates that
the inclination angle a = 15° has a negligible inﬂuence on the CL_mean . A
larger gap of CL_mean between a = 30° and 0° is observed, especially at
Vr = 18.6 and 19.9. Xu et al. [30] showed that the vibration of the inclined ﬂexible cylinder at a = 30° enters into the 3rd mode synchronized
region much earlier than the vertical ﬂexible cylinder, which causes the
CL_mean for a = 30° diﬀers from that in the normal case. Remarkable discrepancies of CL_mean are observed between the inclined ﬂexible cylinder
and the vertical one when the inclination angle is increased to 45° and
60°. The maximum CL_mean in the case of a = 45° is 0.98 at the 2nd mode
resonance, which surpasses the normal case with a value of 0.78. For
a = 60°, the peak values of axial mean lift coeﬃcients are 0.46 and 1.01
at 1st and 2nd mode resonance, respectively. Both the two values are
considerably higher than those of the vertical ﬂexible cylinder.
In this study, some eﬀorts have been taken to ﬁgure out why the
lift coeﬃcients in the present research are larger than those predicted
using the Independence Principle for a = 45° and 60° from the perspective of the wake ﬂow downstream the body. The streamwise and spanwise vortices downstream stationary and oscillating cylinders subject to
oblique ﬂow have been investigated experimentally and numerically in
some previous publications [21–24,35,36]. Flow visualization results in-

Where Cd is the mean drag coeﬃcient of a stationary cylinder in
water and takes the value of 1.20 in this paper. The trend lines of the
mean drag coeﬃcients calculated by Eq. (27) are also plotted in Fig. 9.
4.3. Lift, drag and added mass coeﬃcients
For the sake of analysis, the axial mean values of the lift, drag and
added mass coeﬃcients CL_mean , CD_mean , Cax_mean and Cay_mean are presented in this section. The lift, varying drag and added mass coeﬃcients
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Fig. 8. Mean drag coeﬃcients versus the reduced velocity.
(a) a = 0°, 15° and 30°; (b) a = 0°, 45° and 60°.

dicated that the spanwise vortices in the wake of a cylinder are oriented
at approximately the same angle as the cylinder if a ≤ 45°. When a > 45°,
the spanwise vortices are oriented at a smaller angle than the inclination angle [21,24]. For a vibrating cylinder subjected to oblique ﬂow,
the critical inclination angle at which the oblique vortex shedding pattern appeared can be delayed. This has already been veriﬁed by Lucor
and Karniadakis [24], Bourguet et al. [27] and Bourguet and Triantafyllou [28]. The spanwise vortices, parallel to the cylinder axis at a = 60°,
is slanted when the ﬂexible cylinder is inclined at 80°. Although the
parallel vortex shedding downstream an oscillating cylinder subjected
to oblique ﬂow is observed, the spanwise vortices exhibit some remarkable characteristics compared to the normal case [27]. Fig. 11 shows the
instantaneous iso-surfaces of the spanwise vorticity downstream of the
ﬂexible cylinder inclined at a = 60°. Fig. 11 was from the numerical investigation on VIV of the inclined ﬂexible cylinder [27]. The ﬂow structures are much more contorted with strong streamwise vortices winding up around the spanwise vortices. This causes that the streamwise
vortex tubes are not perpendicular to the cylinder span and they seem
to follow helical paths around the spanwise vertical structures. Some
of the streamwise vortices are slanted along the direction of the ﬂow
and some are slanted along the direction perpendicular to the inﬂow,
indicating the strong inﬂuence of the freestream ﬂow direction, which
makes the Independence Principle no longer viable [24]. Although the
ﬂow patterns downstream the ﬂexible cylinder are unknown in the current investigation, it still can be inferred that the diﬀerence between the
wake patterns principally accounts for diﬀerent behaviors of the axial
lift coeﬃcient when a = 45° and 60°.

Fig. 12 presents the axial mean varying drag coeﬃcients against
the reduced velocity. The CD_mean of the vertical ﬂexible cylinder is
scattered due to the complex dynamic behaviors in the IL direction.
Fig. 12 demonstrates that the inclination angle has a considerable inﬂuence on the CD_mean of the inclined ﬂexible cylinder. The CD_mean at
a = 15° is close to that in the normal case when Vr ≤ 10.4. However, there
exist considerable diﬀerences when the reduced velocity exceeds 10.0,
which may be attributed to the higher mode of vibration in the IL direction. For a = 30°, the CD_mean agrees well with that of the vertical ﬂexible
cylinder in the range of 8.0 ≤ Vr ≤ 10.6. Obvious discrepancies are observed for the rest reduced velocities. The axial mean varying drag coeﬃcient in the case of a = 45° signiﬁcantly departs from that of the vertical ﬂexible cylinder, especially at Vr = 8.4 and Vr = 11.9–18.4, where
the CD_mean is much lower than that in the normal case. This is mainly
due to the fact that the dominant frequency of the displacement is low
in such reduced velocity ranges. When the inclination angle equals 60°,
the peak value of CD_mean at Vr = 4.6 is extremely larger than the CD_mean
in the normal case. While the maximum value of CD_mean at Vr = 8.4 is
slightly smaller than that of the vertical cylinder at Vr = 9.2. It can be
concluded that the gap of the axial mean varying drag coeﬃcients between the inclined ﬂexible cylinder and the vertical ﬂexible cylinder
becomes much wider with the enlargement of the inclination angle due
to the aforementioned distinctive wake patterns at diﬀerent inclination
angles.
Figs. 13 and 14 show the variations of the axial mean added mass
coeﬃcients with the reduced velocity in the CF and IL directions, respectively. The Cay_mean of the ﬂexible cylinder mildly diminishes as Vr
is increased from 2.3 to 7.7, which is in conformity with the results of
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Fig. 11. Instantaneous iso-surfaces of the spanwise vorticity downstream of the
ﬂexible cylinder inclined at a = 60° [27].

is slightly larger than that in other cases for Vr ≥ 13.8. Bourguet et al.
[27] found that the inclined ﬂexible cylinder at 60° has more prominent CF added mass coeﬃcients than those in the normal case in some
regions of the span, which is in accordance with the results of the current research. The axial mean IL added mass coeﬃcients Cax_mean share a
similar trend with those in the CF direction, despite the diﬀerent magnitudes. The vibrations of the inclined ﬂexible cylinder at a = 30° and 45°
enter the next dominant mode earlier than the vertical ﬂexible cylinder
when Vr is roughly in the range of 17.0–20.0 [30]. Thus, Cax_mean of the
inclined ﬂexible cylinder at a = 30° and 45° is much larger than that of
the vertical ﬂexible cylinder. Besides, the inclination angle shows a remarkable inﬂuence on Cax_mean for a = 45° and 60°. In those cases, the
values of Cax_mean are considerably higher than those in the normal case
at certain reduced velocities. Similar results have also been reported by
Bourguet et al. [27], in which the VIV of an inclined ﬂexible cylinder
with a = 60° was studied through numerical simulation.

Fig. 9. Mean drag force coeﬃcients versus the max RMS CF dimensionless displacements.

rigid cylinders [8,11,25]. When Vr ranges from 9.0 to 10.0, the Cay_mean
jumps abruptly indicating the switch of the dominant mode of vibration
in the CF direction from the 1st mode to the 2nd mode. The impact of inclination angles on the CF added mass coeﬃcients is insigniﬁcant when
a ≤ 45°, whereas the axial mean CF added mass coeﬃcient at a = 60°

4.4. Axial distribution of hydrodynamic coeﬃcients
For improving the understanding of the VIV hydrodynamic coeﬃcients of an inclined ﬂexible cylinder, the distributions of lift, varying
drag and added mass coeﬃcients along the cylinder will be further stud-

Fig. 10. Axial mean lift coeﬃcients versus the reduced velocity.
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Fig. 12. Axial mean varying drag coeﬃcients versus the reduced velocity.

Fig. 13. Axial mean added mass coeﬃcients in the CF direction versus the reduced velocity.
(a) a = 0°, 15° and 30°; (b) a = 0°, 45° and 60°.

ied in this part. In order to keep this paper reasonably concise, the axial
distribution of the hydrodynamic coeﬃcients is not presented for each
individual reduced velocity. The results at a reduced velocity of around
10.5 are chosen as an example. According to the results of Xu et al. [30],
the vibrations of the ﬂexible cylinder with ﬁve inclination angles (a = 0°,
15°, 30°, 45° and 60°) are all at the 2nd mode resonance in the CF direction and the 3rd mode resonance in the IL direction at this reduced
velocity.

Fig. 15 shows the axial distribution of lift coeﬃcients of the inclined
ﬂexible cylinder at the 2nd mode resonance. It is observed that the lift
coeﬃcient in the case of a = 15° is in fair agreement with that in the normal case in the ranges of z/L ≤ 0.25 and z/L ≥ 0.55. When the inclination
angle is increased to 30°, the diﬀerence in the lift coeﬃcient between
the vertical ﬂexible cylinder and the inclined ﬂexible cylinder becomes
more pronounced and quantitative agreement only appears in the range
of z/L ≤ 0.38. The variations of the lift coeﬃcients in the cases of a = 45°
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Fig. 14. Axial mean added mass coeﬃcients in the IL direction versus the reduced velocity.
(a) a = 0°, 15° and 30°; (b) a = 0°, 45° and 60°.

Fig. 15. Axial distribution of lift coeﬃcients of the inclined ﬂexible cylinder at the 2nd mode resonance.

and 60° are similar to each other and both of them are signiﬁcantly different from that of the vertical ﬂexible cylinder. It can be concluded that
the axial distribution of the lift coeﬃcient of the inclined ﬂexible cylinder and the vertical ﬂexible cylinder may diﬀer from each other even
when the dominant modes of vibration are the same. With the increase
of the inclination angle, the discrepancy is enlarged.
The axial distribution of CF added mass coeﬃcient of the inclined
ﬂexible cylinder at the 2nd mode resonance is shown in Fig. 16. It
can be seen that both the inclined ﬂexible cylinder and the vertical
ﬂexible cylinder experience a sudden change in the CF added mass
coeﬃcient around z/L = 0.5. However, the inclined ﬂexible cylinder

suﬀers a sharper variation than the vertical one. Moreover, the axial
distribution of the CF added mass coeﬃcient of the inclined ﬂexible
cylinder at diﬀerent inclination angles shares a similar trend, which
is diﬀerent from that of the vertical ﬂexible cylinder. For a = 15° and
30°, the axial distributions of the CF added mass coeﬃcient are close
to each other. While the variation of the CF added mass coeﬃcient
along the span at a = 45° is almost the same as that in the case of
a = 60°.
Figs. 17 and 18 show the variation of varying drag and IL added mass
coeﬃcients along the structural axis at the 3rd mode resonance, respectively. It can be seen that the varying drag coeﬃcient of the inclined
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Fig. 16. Axial distribution of CF added mass coeﬃcients of the inclined ﬂexible cylinder at the 2nd mode resonance.

Fig. 17. Axial distribution of varying drag coeﬃcients of the inclined ﬂexible cylinder at the 3rd mode resonance.

Fig. 18. Axial distribution of IL added mass coeﬃcients of the inclined ﬂexible cylinder at the 3rd mode resonance.

ﬂexible cylinder and the vertical one have identical spanwise evolution,
despite higher values are observed for the inclined ﬂexible cylinder. The
axial distributions of the varying drag coeﬃcients of the inclined ﬂexible cylinder at diﬀerent inclination angles agree well with each other.
For a ≤ 45°, the axial distribution of the IL added mass coeﬃcient agrees

well with that of the vertical ﬂexible cylinder. The IL added mass coefﬁcient in the case of a = 60° is close to that in the normal case in the
ranges of z/L ≤ 0.3 and z/L ≥ 0.7. In contrast, the IL added mass coefﬁcient of the inclined cylinder is much higher than that of the vertical
one in the range of 0.35 ≤ z/L ≤ 0.60.
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The hydrodynamic coeﬃcients of the inclined ﬂexible cylinder undergoing VIV were indirectly obtained by an inverse method using
the displacement responses from the model tests. The hydrodynamic
features were presented and discussed. Following conclusions can be
drawn.
(1) The eﬀects of inclination angle on the RMS of the CF and IL ﬂuctuating force coeﬃcients (CCF_rms and CIL_rms ) are insigniﬁcant for a = 15°.
The CCF_rms in the cases of a = 45° and 60° are enlarged at the 1st and
2nd mode resonance. The CIL_rms at a = 45° and 60° shows obvious
disparity from that in the normal case. For a = 60°, the peak values
of the CIL_rms surpass that of the vertical one. A similar upward trend
of ﬂuctuating force coeﬃcients in the CF and IL directions for a = 60°
was also reported in Bourguet et al. [27], which might be attributed
to the considerable inﬂuence of the part of the axial ﬂow component
perpendicular to the cylinder.
(2) The mean drag coeﬃcients (CD 0 ) are positively related to the CF displacements, which is consistent with the previous results [10,15,26].
The CD 0 show unremarkable reduction with the increase of the inclination angles, which conﬂicts with the experimental results of the
rigid cylinder [26]. In the case of a = 60°, the CD 0 are signiﬁcantly
higher than the normal case. The enlargement of CD 0 on an elastically supported rigid cylinder inclined at 45° and a ﬂexible cylinder
inclined at 80° has been numerically observed by Zhao et al. [23] and
Bourguet and Triantafyllou [28].
(3) The discrepancy of the axial mean lift and varying drag coeﬃcients
between the inclined ﬂexible cylinder and the vertical one is enhanced as the increase of inclination angle. The peaks of the axial
mean lift coeﬃcients in the cases of a = 45° and 60° are outstanding
compared to that of the vertical one. The variation of the axial mean
varying drag coeﬃcients in the cases of a = 45° and 60° are remarkably diﬀerent from that in the normal case. Although ﬂow structures
behind the ﬂexible cylinder in the current research are unknown,
we can still deduce that the diﬀerence in the lift and varying drag
coeﬃcients of the inclined ﬂexible cylinder is primarily due to the
distinctive wake patterns according to the previous research about
the wake patterns downstream an inclined cylinder through experimental [21] or numerical studies [22–24,27,28,35,36].
(4) The inﬂuences of the inclination angle on the axial mean added mass
coeﬃcients are mild in cases of a ≤ 30°. At a = 45° and 60°, the IL
added mass coeﬃcients are much larger than those at the other inclination angles. It must be pointed out that the added mass coeﬃcients
in the cases of a = 30° and 45° surpass that in the other cases when
the reduced velocity is roughly in the range of 17.0–20.0, which is
due to the fact that the vibration of ﬂexible cylinder enters the next
dominant mode earlier.
(5) Within the same mode synchronized region, the spanwise evolutions
of hydrodynamic coeﬃcients in the cases of a ≤ 30° share a similar
trend. However, the axial distributions of the hydrodynamic coeﬃcients of the inclined ﬂexible cylinder at a = 45° and 60° are close to
each other.
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